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Abstract. In this paperwe addressthe problemof uncalibratedstructureand
motionrecovery from imagesequencesthatcontaindominantplanesin someof
the views. Traditionalapproachesfail whenthe featurescommonto threecon-
secutiveviewsareall locatedonaplane.This is, however, asituationthatis often
hardto avoid in man-madeenvironments.We proposea completeapproachthat
detectstheproblemanddefersthecomputationof parametersthatareambiguous
in projectivespace(i.e. theregistrationbetweenpartialreconstructionsonly shar-
ing a commonplaneandposesof camerasonly seeingplanarfeatures)till after
self-calibration.Also anew linearself-calibrationalgorithmis proposedthatcou-
plestheintrinsicsbetweenmultiple subsequences.The�nal resultis a complete
metric 3D reconstructionof both structureandmotion for the whole sequence.
Experimentalresultsonrealimagesequencesshow thattheapproachyieldsvery
goodresults.

1 Intr oduction

Therehasbeena lot of progressin uncalibratedstructureandmotion(USaM)recovery
over the lastdecade.Faugeras[3] andHartley et al. [9] have shown thatstartingfrom
anuncalibratedimagepair a projective reconstructionwaspossible.Theuseof robust
statisticsfor thecomputationof theepipolargeometrymadeit possibleto obtaingood
resultson real imagedata[27,21]. Theseapproacheswerelaterextendedto imagese-
quences(e.g.[2, 15]). In parallelwith thesedevelopmentsthepossibility to upgradea
projective reconstructionto metric (i.e. Euclideanup to scale)basedon constraintson
the intrinsicswasshown [4]. Over the yearsmany differentmethodshave beenpro-
posedfor constant[11,16,24] andvarying intrinsics[17]. Therefore,startingfrom an
uncalibratedimagesequenceit becamepossibleto retrievea metric3D reconstruction.
Comparedto themoretraditionalstructureandmotionrecoveryapproacheswherethe
camerais calibratedseparately, USaMrecoveryoffersanimportantincreasein �e xibil-
ity.

However, an important–but often ignored–problemof the uncalibratedapproach
is that it breaksdown in the caseof a planarscene.The relative posebetweenviews
cannot bedeterminedwhenall commonfeaturesarelocatedin a plane.In fact this is
a speci�c caseof the moregeneralproblemof critical surfaces(e.g. [12]). However,
othercasesaremuchlessprobableto be encounteredin practice.Recently, therehas



beenquite somework on dealingwith planesin USaM recovery. Liu et al. [14] and
Bartoli et al. [1] lookedat architecturalscenescontainingplanes.Note,however, that
thesetechniquesrequiremultipleplanesor generalstructureandwouldthereforefail on
thecasestreatedby this paper. Anotherinterestingapproachwasproposedby Rother
andCarlsson[19]. In this casea linearsolutionis obtainedwhena singleplanecanbe
seenin all views.Nevertheless,in eachview at leasttwo pointsnot locatedontheplane
arerequired.

In fact,thework thatcomesclosestto solvingtheproblemwascarriedoutby Torr et
al. In [23] a robustmodelselectioncriterionto differentiatebetweengeneral3D struc-
tureandplanarstructurewasproposed.This allows to automaticallyidentify theviews
wherethe structureis not suf�ciently generalandto dealwith themaccordingly(i.e.
estimatinga homographyinsteadof theepipolargeometry).Althoughsomepossibili-
tiesweresketchedonhow thiscouldbeusedto solvetheplanarityinducedambiguities
in therecoveryof USaM,thepapermostly focuseson themodelselectionandfeature
tracking issues.No generalsolution is provided to solve the ambiguity betweenthe
structureandmotionof subsequencesonly sharinga singleplane.

Themainsubjectof thispaperconsistsof proposingacompleteapproachto uncali-
bratedstructureandmotionrecoverythatcandealwith dominantplanes.Theapproach
startsby extendingthe work by Torr et al. [23] to the 3-view case(which is neces-
saryaswill be seenlater) so that the differencecanbe madebetweensubsequences
observingsuf�ciently generalstructureandsubsequenceswherethe tracked features
areall locatedon a singleplane.The next stepconsistsof independentlyrecovering
the projective structureof the different3D subsequences.Thenthe reconstructionfor
the 3D subsequencesis extendedwith the reconstructionof the planes.Oncethis is
doneself-calibrationis usedto recover the metric structure.To improve the accuracy
androbustnesstheapproachcouplestheintrinsicsbetweenthedifferentsubsequences.
Thisisespeciallyimportantto allow successfulself-calibrationof shortersubsequences.
Theseresultsarere�ned usinga bundledadjustmentthat couplesthe intrinsicsfor all
thesubsequences.At this stagea poseestimationalgorithmcanbe usedto determine
themotionof thecameraover theplanarparts.Thedifferentpartsarealsoassembled
(by aligningtheoverlappingplanes).Finally, a globalbundleadjustmentis carriedout
to obtaina maximumlikelihoodestimationof themetricstructureandmotion for the
wholesequence.

The paperis organizedas follows. In the next sectiona traditional uncalibrated
structureand motion approachis reviewed. Then, the problemcausedby dominant
planesis describedandtheapproachfor detectingtheproblemis described.Theactual
approachto solve it is describedin Section5 (partialprojectiveUSaMrecovery),Sec-
tion 6 (coupledself-calibration)andSection7 (completemetricSaMrecovery). In the
�nal sectionsresultsandconclusionsarepresented.

1.1 Notations

Pointsarerepresentedby homogeneous4-vectors
�

in 3-space,andby homogeneous
3-vectors� in the image.A planeis representedby a homogeneous4-vector � anda
point

�

is onaplaneif �

�

�����

. A point
�

is mappedto its image� throughperspective
projection,representedby a �
	�� projectionmatrix 
 as ����


�

. The symbol �



indicatesequalityupto anon-zeroscalefactor. In ametriccoordinatesystemthematrix

 canbe factorizedin intrinsic andextrinsic cameraparameters:


����� �����

where
theupper-triangularmatrix
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is givenby thefollowing equation:
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thecoordinates
of the principal point and
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a factor that is zerowhen the pixels are rectangular. To
dealwith radialdistortion,theperspectiveprojectionmodelis extendedto
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areparametersof radial distortion.The fundamentalmatrix D andthe two
imagehomographyE , areboth �F	$� homogeneousmatrices.A point � locatedin the
planecorrespondingto thehomographyE is transferredfrom oneimageto theother
accordingto �'GH�IE;� . A morecompletedescriptionof theseconceptscanbe found
in [10].

2 Generalprojective structure and motion recovery

Startingfrom anuncalibratedimagesequencethe�rst stepconsistsof relatingthedif-
ferentimagesto eachother. This is notaneasyproblem.In generala restrictednumber
of correspondingpointsis suf�cient to determinetheepipolargeometrybetweentheim-
ages.Sincenotall pointsareequallysuitedfor matching(e.g.pixelsin ahomogeneous
region),the�rst stepconsistof selectingfeaturepoints[8] thataresuitedfor automated
matching.Featuresof consecutiveviewsarecomparedandanumberof potentialcorre-
spondencesareobtained.Fromthesetheepipolargeometrycanbecomputed.However,
theinitial setof correspondingpointsis typically contaminatedwith animportantnum-
berof outliers.In thiscase,a traditionalleast-squaresapproachwill fail andthereforea
robustmethodis used[21,27,5]. Oncetheepipolargeometryhasbeenobtainedit can
be usedto guidethesearchfor additionalcorrespondences.Thesecanthenin turn be
usedto furtherre�ne theepipolargeometry.

Therelationbetweentheviews andthecorrespondencesbetweenthe featurescan
thenbe usedto retrieve the structureof the sceneandthe motion of the camera.The
approachthat is usedis relatedto [2] but is fully projective andthereforenot depen-
denton any approximation.This is achievedby strictly carryingout all measurements
in the images,i.e. usingonly reprojectionerrors.At �rst two imagesareselectedand
an initial projective reconstructionframe is set-up[3,9]. Then the poseof the cam-
era for the other views is determinedin this frame and for eachadditionalview the
initial reconstructionis re�ned andextended.Oncethestructureandmotion hasbeen
determinedfor the whole sequence,the resultsis re�ned througha projective bundle
adjustment[26]. To minimize the presenceof a consistentbias in the reconstruction,
this bundleadjustmenttakesinto accountradial distortion(aroundthe imagecenter).
Thentheambiguityis restrictedto metric throughself-calibration.A modi�ed version
of [17] is used(seeSection6.Finally, ametricbundleadjustmentis carriedoutto obtain
anoptimalestimationfor bothstructureandmotion.



3 Problemswith planes

Theprojectivestructureandmotionapproachdescribedin theprevioussectionassumes
that both motion and structureare general.When this is not the case,the approach
can fail. In the caseof motion this will happenwhen the camerais purely rotating.
A solution to this problemwas proposedin [23]. Here we will assumethat care is
takenduringacquisitionto not take multiple imagefrom thesamepositionsothatthis
problemdoesn't occur.

Scenerelatedproblemsoccurwhen(partof) thesceneis purelyplanar. In this case
it is not possibleanymoreto determinetheepipolargeometryuniquely. If thesceneis
planar, the imagemotioncanbefully describedby a homography. Since D
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the vectorproductwith the epipole
K

G ), thereis a 2 parameterfamily of
solutionsfor theepipolargeometry. In practicerobusttechniqueswould pick a random
solutionbasedon theinclusionof someoutliers.

Assumingwe would be able to detectthis degeneracy, the problemis not com-
pletelysolvedyet. Obviously, thedifferentsubsequencescontainingsuf�cient general
3D structurecouldbereconstructedseparately. Thestructureof subsequencescontain-
ing onlyasingleplanecouldalsobereconstructedassuch.Theseplanarreconstructions
could then be insertedinto the neighboring3D projective reconstructions.However,
thereremainsan ambiguity on the transformationrelating two 3D projective recon-
structionsharinga commonplane.Theplanesharedby thetwo reconstructionscanbe
uniquelyparameterizedby three3D points( �N	O� parameters)anda fourthpoint in the
plane(2 freeparameters)to determinetheprojectivebasiswithin theplane.Theambi-
guity thereforehas15-11=4degreesof freedom.An illustrationis givenon theleft side
of Figure1. Notealsothatit canbeveryhardto avoid this typeof degeneracy ascanbe
seenfrom theright sideof Figure1. Many sceneshave a con�guration similar to this
one.

4 Detectingdominant planes

The�rst partof thesolutionconsistsof detectingthecaseswhereonly planarfeatures
arebeingmatched.TheGeometricRobust InformationCriterion(GRIC) modelselec-
tion approachproposedin [22] is brie�y reviewed.TheGRICselectsthemodelwith the
lowestscore.Thescoreof amodelis obtainedby summingtwo contributions.The�rst
oneis relatedto thegoodnessof the �t andthesecondoneis relatedto theparsimony
of the model.It is importantthat a robustMaximum LikelihoodEstimator(MLE) be
usedfor estimatingthedifferentstructureandmotionmodelsbeingcomparedthrough
GRIC.GRIC takesinto accountthethenumberof P of inliers plusoutliers,theresidu-
als QCR , thestandarddeviation of themeasurementerror S , thedimensionof thedata " ,
thenumber
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Fig.1. Left: Illustrationof thefour-parameterambiguitybetweentwo projective reconstructions
sharinga commonplane.If thebaseof the cubeis shared,a projective transformationcanstill
affect theheightof thecubeandthepositionof thethird vanishingpoint.Right: A fundamental
problemfor many scenesis thatit is notpossibleto seeA,B andC at thesametimeandtherefore
whenmoving from position1 to position3 theplanarambiguityproblemwill beencountered.

In the above equationP:TYX1Z[)
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For eachimagepairGRIC)WD

-

andGRIC)_E

-

canbecompared.If GRIC)_E

-

yields
the lowestvalueit is assumedthat mostmatchedfeaturesare locatedon a dominant
planeand that a homographymodel is thereforeappropriate.On the contrary, when
GRIC)WD

-

yieldsthelowestvalueonecouldassume,asdid Torr [23], thatstandardpro-
jective structureandmotionrecoverycouldbecontinued.In mostcasesthis is correct,
however, in somecasesthis might still fail. An illustrationof theproblemis givenon
the left sideof Figure2 whereboth D
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and D
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couldbesuccessfullycomputed,but
wherestructureandmotion recovery would fail becauseall featurescommonto the
threeviews arelocatedon a plane.Estimatingtheposeof camera3 from featuresre-
constructedfrom views 1 and2 or alternatively estimatingthetrifocal tensorfrom the
triplets would yield a three-parameterfamily of solutions.However, imposingrecon-
struction1–2 andreconstruction2–3 to be aligned(including thecenterof projection
for view 2) would reducethe ambiguityto a one-parameterfamily of solutions.This
ambiguityis illustratedon theright sideof Figure2. Comparedto thereferenceframe
of cameras1 and2 thepositionof camera3 canchangearbitrarilyaslongastheepipole
in image2 is notmodi�ed (i.e.motionalonga line connectingthecenterof projections
of image2 and3). Sinceintersectionhasto bepreservedandtheimageof thecommon
planealsohasto beinvariant,thetransformationof therestof spaceis completelyde-
termined.Note–asseenin Figure2– thatthis remainingambiguitycouldstill causean
importantdistortion.
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Fig.2. Left: Althougheachpair containsnon-coplanarfeatures,thethreeviews only have copla-
narpointsin common.Right: Illustrationof theremainingambiguityif thepositionof thecenter
of projectionfor view 2 correspondsfor structure1–2and2–3.

For thereasondescribedabovewe proposeto usetheGRIC criterionon tripletsof
views ( "
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. To ef�ciently computethe MLE of both PPP and
HH thesparsestructureof theproblemis exploited(similar to bundleadjustment).We
cannow differentiatebetweentwo differentcases:CaseA: GRIC(PPP) u GRIC(HH):
threeviews observegeneral3D structure.CaseB: GRIC(PPP) v GRIC(HH): common
structurebetweenthreeviews is planar.

Note that in addition,oneshouldverify thata suf�cient numberof triplets remain
(saymorethan

q

�

) to allow areliableestimation.Whentoofew pointsareseenin com-
monoverthreeviews,thesequenceis alsosplit up.In alaterstageit canbereassembled
(usingtheprocedurelaid out in Section7). This avoidstherisk of a (slight) changeof
projectivebasisdueto anunreliableestimationbasedon too few points.Notethat it is
importantto avoid this, sincethis would meanthatdifferenttransformationswould be
requiredto bringthedifferentpartsof therecoveredstructureandmotionbackto amet-
ric referenceframe.In practicethis causesself-calibrationto fail andshouldtherefore
beavoided.

5 Partial projective structure and motion recovery

Thesequenceis �rst traversedandseparatedin subsequences.For subsequenceswith
suf�cient 3D structure(caseA) theapproachdescribedin Section2 is followedsothat
theprojectivestructureandmotionis recovered.Whena triplet correspondsto caseB,
only planarfeaturesaretrackedandreconstructed(in 2D).A possiblepartitioningof an
imagesequenceis givenin Table1. Notethatthetriplet 3-4-5wouldcauseanapproach
basedon [23] to fail.

Supposetheplane� is labeledasadominantplanefrom view w onbasedonfeatures
tracked in views )xw
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case AABAABBBBBAAA
3D PPPP PPPPP
2D HH HHHHHH
3D PPPP

FFFFFFHHHHFFFF

Table 1. Exampleon how a sequencewould bepartitionedbasedon thedifferentcasesobtained
in themodelselectionstep.UnderlinedF correspondto casesthatwouldnotbedealtwith appro-
priatelyusingapairwiseanalysis.
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6 Coupledself-calibration

Oncethe projective structureand motion hasbeencomputedfor eachsubsequence,
standardself-calibrationapproachescouldbeusedonthesubsequences.However, some
of thesecouldbetooshortto obtaingoodresults.

In this sectiona self-calibrationapproachis proposedthat couplesthe camerain-
trinsicsfor the differentsubsequencescontaininggeneral3D structure.The approach
is basedon the approachproposedin [17], but wasadaptedto betterre�ect a priory
expectationsfor the unknowns.The approachis basedon the projectionequationfor
theabsolutequadric[24]:
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disc-quadric.By transformingthe imageso that a typical focal length (e.g. 50mm)
correspondsto unit lengthin the imageandthat the centerof the imageis locatedat
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equationsfrom Equation(6):
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where Ÿ

R is the w -th row of a projectionmatrix and ¥ a scalefactorthat is initially set
to 1 andlateron to Ÿ

m ¦
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with
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the resultof theprevious iteration.In practice
a few iterationsare suf�cient. Experimentalvalidationhasshown that this approach
yieldsmuchbetterresultsthantheoriginal approachdescribedin [17]. This is mostly
due to the fact that constrainingall parameters(even with a small weight) allows to
avoid mostof the problemsdueto critical motion sequences[20,13] (especiallythe
speci�c additionalcasefor thelinearalgorithm[18]).

Whenchoosing
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for oneof the projectionmatricesit canbe seenfrom
Equation(6) that Š
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equations.Notethatthis canbedoneindependentlyfor every3D subsequence.

If thesequenceis recordedwith constantintrinsics,thevector
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all subsequencesandoneobtainsthefollowing coupledself-calibrationequations:
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As will beseenin theexperimentsthisapproachis verysuccessful.Themostimportant
featureis thatthroughthecouplingit allowsto getgoodresultsevenfor theshortersub-
sequences.For eachsubsequencea transformationto upgradethereconstructionfrom
projective to metric canbe obtainedfrom the constraint¾¿RÀŠ
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(throughCholesky factorization).This result is then further re�ned througha metric
bundleadjustmentthatalsocouplestheintrinsicsof thedifferentsubsequences.



7 Combinedmetric structure and motion recovery

Now that themetricstructureof thesubsequenceshasbeenrecovered,theposeof the
cameracanalsobedeterminedfor theviewpointsobservingonly planarpoints.Since
the intrinsicshave beencomputed,a standardposeestimationalgorithmcanbe used.
We useGrunert'salgorithmasdescribedin [7]. To dealwith outliersa robustapproach
wasimplemented[5].

Finally, it becomespossibleto align the structureand motion recoveredfor the
separatesubsequencesbasedon commonpoints.Note that thesepointsareall located
in aplaneandthereforesomeprecautionshaveto betakento obtainresultsusinglinear
equations.However, since3 pointsform a basisin a metric3D space,additionalpoints
out of the planecan easily be generated(i.e. using the vector product)and usedto
computetherelative transformusinglinearequations.Hereagaina robustapproachis
used.

Now that all structureandmotion parametershave beenestimatedfor the whole
sequence.A �nal bundleadjustmentis carriedout to obtainagloballyoptimalsolution.

8 Results

In this sectionresultsof our approachon two real imagesequencesareshown. The
�rst imagesequencewasrecordedfrom a cornerof our institute.Thecornersequence
contains64 imagesrecordedusinga Sony TRV900 digital camcorderin progressive
scanmode.The imagesthereforehave a resolutionof
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d

�

	

q�“

n

(PAL). Someof the
imagesareshown in Figure3.Notethattheimagescontainquitesomeradialdistortion.

Fig.3. Someof the64 imagesof thecornersequence.



In Figure4 theGRICvaluesaregivenfor D and E aswell asfor 
8
8
 and E$E . It
canclearlybeseenthat–besidesdealingwith additionalambiguities–thetriplet based
analysisin generalprovidesmorediscriminantresults.It is alsointerestingto notethat
triplet 34-35-36is clearly indicatedascontainingsuf�ciently generalstructurefor the
triplet-basedapproachwhile thepair-basedapproachmarginallyprefersto usetheplane
basedmodel.TheUSaMapproachreconstructsthestructurefor this triplet (including
somepointsseenin thebackgroundof the lower left pictureof Figure3) andsuccess-
fully integratesthemwith therestof therecoveredstructureandmotion.Figure5 shows
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Fig.4. Left: GRIC(F) (solid/black line) and GRIC(H) (dashed/blueline). Right: GRIC(PPP)
(solid/blackline) andGRIC(HH) (dashed/blueline).

resultsfor differentstagesof ourapproach.At thetop-left therecoveredmetricstructure
andmotionfor thetwo subsequencesthatcontainsuf�ciently generalstructureis given
(aftercoupledself-calibration).Then,bothstructureandmotionareextendedover the
planarparts.Thiscanbeseenin themiddle-leftpartof the�gure. At thebottom-leftthe
completestructureandmotionfor thewholesequenceis shownafterbundleadjustment.
On theright sideof the�gure orthogonaltopandfront viewsareshown.

Thesecondsequenceconsistsof 150imagesof anold farmhouse. It wasrecorded
with the samecameraasthe �rst sequence.In Figure6 the GRIC valuesareplotted
and for someof them the correspondingimagesare shown. As can be seenthe ap-
proachsuccessfullydiscriminatesbetweentheplanarpartsandtheothers.In Figure7
thecomputedstructureandmotionis shown. In Figure8 someviewsof adensetextured
3D modelareshown. This modelwasobtainedby computingsomedepthmapsusing
a stereoalgorithmandthe obtainedmetric structureandmotion.Note that the whole
approachfrom imagesequenceto complete3D modelis fully automatic.

9 Conclusion

In this paperwe have presentedan approachthat successfullydealswith dominant
planesin uncalibratedstructureandmotionrecovery. This is animportantproblemthat



Fig.5. Left: differentstagesof thestructureandmotionrecovery, Right:orthogonalviews of the
�nal result.

limited thepracticalapplicabilityof uncalibratedapproaches,especiallyin man-made
environments.Thesolutionproposedin this paperyieldsverygoodresultson real im-
agesequences.TheapproachusestheGeometricRobustInformationCriterionto detect
if featuresseenin commonby threeviews areall in a plane.Subsequencescontain-
ing suf�ciently generalstructurearereconstructedandthenextendedwith the planar
parts.A new linearself-calibrationalgorithmcouplestheintrinsicsbetweenthediffer-
entsubsequencesso thatevenfor shortsequencesgoodresultscanbeobtained.Once
the reconstructionhasbeenupgradedto metric, theposeis estimatedfor thecameras
observingplanarpartsandthereconstructionsfor thedifferentsubsequencesareassem-
bled.Finally aglobalbundleadjustmentprovidesanoptimalestimateof bothstructure
andmotion. A key factor for the successof the proposedapproachis the consistent
useof robustmaximumlikelihoodestimationthroughef�cient bundleadjustmentand
robustestimation(i.e.RANSAC) at mostof thestagesof thecomputations.
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