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Abstract

This integrative paperstudiesgraph-cutand network�ow
algorithms on graphs and compares its applications to-
wardssolvingdiverseproblemsin ComputerVision, Com-
puterGraphicsandMachineLearning. Thefollowing three
papers form thecoreof thiscomparativestudy.

� 'An Experimental Comparison of Min-Cut/Max-
Flow Algorithms for Energy Minimization in Vi-
sion' by Boykov et.al.[1] reformulatesa variety of
problemsin computervision namelyimage restora-
tion,stereoandsegmentationinto energyminimization
problemsandsolvesthemusinggraph-cutalgorithms.

� 'Graph Cut Textures: Image and Video Synthesis
Using Graph Cuts' by Kwatra et. al. [4] proposes
a new algorithmfor image andvideotexture synthesis
in theareaof ComputerGraphics.At thecore of their
methodis a graph-cuttechniquefor computingopti-
mal seamsacrossmultipleimage patcheswhich are to
be blendedand merged together to generate the syn-
thesizedtextures.

� 'Semi Supervised Learning using Randomized
Mincuts' by Blum et.al. [5] proposesa graph min-
cut basedapproach to the machine learning problem
of combininglabeledand unlabeleddata to do semi-
supervisedlearning.

1. Intr oduction
Network �o w algorithmsstudiedin the�eld of combinato-
rial optimization�nd widespreadapplicationsin optimiza-
tion problemsthat can be representedby graphscontain-
ing nodesandarcsbetweenthesenodes.Althoughnetwork
�o wsareusedto solveproblemsin physicalnetworks,often
a largevarietyof problemswhichhaveno inherentphysical
network canalsobemodeledusinga network anda notion
of �o w in sucha network. For instancethe �o w of liquid
in pipes,byteson a communicationnetwork or vehicleson
highwayscanbe modeledas�o w networks. In such�o w
networks,oneoftenneedsto computethemaximumrateat
which material�o ws in the �o w network, (the maximum

�o w problem).Relatedto it is thequestionof cutsin �o w
networks, ie. theproblemof determininga setof edgesof
total minimumcapacity, which if removedwill disruptthe
�o w in the network. The max-�ow andmin-cut problem
will bestudiedandits applicationsto threedifferentprob-
lemsin ComputerVision, GraphicsandMachineLearning
will bedescribedandcomparedin this paper. In eachcase,
the original problemis transformedinto a graph-cutprob-
lem which is in turn solved by computingthe maximum
�o w on �o w networks.

The restof this paperis organizedas follows. In Sec-
tion 2, the backgroundtheoryof the Max-�o w problemis
describedalongwith anoverview of thealgorithmsusedto
solve it. Thetheoryof Markov RandomFieldsis presented
in thecontext of theproblemswe study. Next in Section3,
4 and5, the speci�c problemsaredescribedie. how each
of themarereformulatedasgraph-cutproblemsandsolved
usingmax-�ow algorithms.Section6 investigatesthemoti-
vationfor usingthegraph-cutapproachandSection7 com-
paresthe threegraphcut approaches.Finally conclusions
and the effectivenessof the graphcut approachin the re-
spective problemdomainarediscussedin Section8.

2. Background

A �ow networkG(V; E) is formally de�ned asa fully con-
necteddirectedgraphwhereeachedge(u; v) � E hasapos-
itive capacityc(u; v) � 0. Two specialverticesin a �o w
network aredesignatedthe source s andthe sink t respec-
tively. A �ow in G is areal-valuedfunctionf : VX V ! R
thatsatis�esthefollowing threeproperties:

� CapacityConstraint:
For all u; v � V , f (u; v) � c(u; v).

� Skew Symmetry:
For all u; v � V , f (u; v) = � f (v; u).

� Flow Conservation:
For all u � (V -f s; tg),

P
v�V f (u; v) = 0.

Thevalueof a �o w is de�ned asjf j =
P

v�V f (s; v) ie. the
total �o w outof thesourcein the�o w network G.
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Figure1: (a) The �gure (taken from Cormenet. al. [10]
shows a �o w network G(V; E) with a valid �o w f . The
valueson the edgesaref (u; v)=c(u; v). The current�o w
hasvalue19, it is notamaximum�o w.

2.1. The Max-Flow and Min-Cut Problem
Themax-�ow problemis to �nd the�o w of maximumvalue
on a �o w network G. A s-t cut or simply cut of a �o w net-
work G is apartitionof V into S andT = V � S suchthats
� S andt � T. For agiven�o w f , thenet�ow acrossthecut
(S,T) is de�ned asf (S; T) =

P
x�S

P
y �T f (x; y). Using

a similar notationthecapacityof a cut (S; T) is de�ned as
c(S; T) =

P
x�S

P
y �T c(x; y). A minimumcut of a �o w

network is a cut whosecapacityis the leastover all thes-t
cutsof thenetwork.

An exampleof a�o w network with avalid �o w is shown
in Figure1.

Theorem1 Themax-�ow min-cuttheorem: If f is a �ow
in a �ow networkG = (V; E) with sources andsinkt then
thevalueof themaximum�ow is equalto thecapacityof a
minimumcut. Referto Cormenet. al. [10] for theproof.

Theintuition behindtheproof is asfollows. Themaximum
�o w mustsaturateedgesin the �o w network suchthat no
further �o w canbepushed.Thesesaturatededgesmustlie
on oneof themin-cuts. This resultallows oneto compute
theminimumcut of a �o w network by �rst solving for the
max-�ow, for whichpolynomialtimealgorithmsexist.

The single-sourcesingle-sink max-�ow problem de-
scribedabove is a speci�c caseof the moregeneralmul-
tiway cut problemwheretherearek terminalsanda mul-
tiway cut is a minimum setof edgeswhich separateseach
terminalfrom all theothers.It hasbeenshown thatif k � 3,
theproblemis NP-Hard.Someof thegraphcutapplications
thatweshallinvestigatein thispaperwill indeedrequireap-
proximationalgorithmsfor themultiwaycutproblem.

2.2. Max-Flow and Min-Cut Algorithms
Thepolynomialalgorithmsfor thesingle-sourcesingle-sink
max-�ow problemcan be divided into two classes,algo-
rithms basedon the Ford Fulkersonmethod[8] andthose
basedon the“push-relabel”method[7]. Thetwo contrast-
ing approachesaredescribedbelow. An approximational-

gorithmfor themultiwaycutproblemwill bedescribedlater
in thecontext of thechosenproblems,in Section3.6.

The intuitive ideabehindthe Ford-Fulkersonmethodis
that startingwith zero �o w ie. f (u; v) = 0 for all u; v �
V , the �o w can be graduallyincreasedby �nding a path
from s to t alongwhichmore�o w canbesent.Sucha path
is calledan augmentingpath,andonceit hasbeenfound,
the �o w canbeaugmentedalongthis path. Theprocessif
repeated,mustendafter a �nite numberof iterationsafter
whichnoaugmentingpathsbetweens andt exist anymore.
A typical algorithmof this typemaintainsfor a given �o w
f , the residualgraphof G, called Gf whosetopology is
identicalto G but whoseedgecapacitiesstorestheresidual
capacityof all the edges,given that thereis alreadysome
�o w in them.Thesearchfor anaugmentingpathat thei th

iteration is doneon the currentresidualgraphGf i . Once
anaugmentingpathis found,themaximumamountof �o w
thatcanbesentdown it, f incr mustsaturateat leastoneof
theedgesof this augmentedpath. Thenew �o w at theend
of theiterationwill bef i + f incr .

Therunningtimecomplexity of differentalgorithmswill
in generalvary dependingon how the augmentingpath is
chosen.Dinic algorithm[9] thatusesbreadth-�rstsearchto
�nd theshortestpathsfrom s to t on theresidualgraph,has
anoverall worstcaserunningtime of O(n2m), n beingthe
numberof nodesandm beingthenumberof edges.

In contrastto the Ford-Fulkersonmethodwhere aug-
mentingthe �o w operateson the completeresidualgraph,
the Push-Relabelalgorithmsoperatelocally on a vertex at
a time, inspectingonly its neighbours. Unlike the Ford-
Fulkersonmethod,the�o w conservationpropertyis notsat-
is�ed during the algorithm's execution. The intuitive idea
here is to associatea notion of height along with all the
nodesin thenetwork. Theheightof thesourceandsinkare
�x edatjV j and0 respectively while atthestartall otherver-
ticesareat height0. The algorithmstartsby sending�o w
down from thesourceandtheamountof �o w sent,saturates
all theoutgoingedges.All intermediatenodeshaveabuffer
or areservoir thatcanstoreexcess�o w. Nodeswith positive
excess�o w aresaidto beover�owing nodes.Over�owing
nodestry to pushtheexcess�o w downhill. However when
anover�owing node�nds theedgesto its neighboursat the
sameheightasitself saturated,it incrementsits own height,
a processwhich is called“relabeling”. This allows it to get
rid of theexcess�o w. Thealgorithmterminateswhennone
of thenodesin V areover�owing. Oftenexcess�o w accu-
mulatedin theinterior nodesaresentbackto thesourceby
relabelingthesenodeswith heightbeyondjV j.

Thegenericpush-relabelalgorithmsthushave two basic
operations- “push” �o w and“relabel” anover�owing node
andCormenet. al. provesthata genericpush-relabelstyle
algorithmhasaO(n2m) worstcaserunningtime,andthere
arecertainO(n3) algorithmsin this class. [7, 8] provide
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detailson thesevariousalgorithms,datastructureschosen
andpracticaltrade-offs encounteredin actualmax-�ow im-
plementations.

2.3. Mark ov RandomFields
This sectionbrie�y introducesthe theoryof Markov Ran-
domFields(MRF) asit will berelevantin understandingthe
commonthreadbetweenthethreepaperschosenfor study.
Markov RandomFields is a generative model often used
in ImageProcessingandComputerVision to solve labeling
problems.A Markov RandomField consistsof threesets,
a setS of sites,a neighbourhoodsystemN anda set(also
called �eld) of ramdomvariablesF . The neighbourhood
systemN = f N i j i � Sg whereeachN i is asubsetof sites
of S which form theneighbourhoodof site i . Therandom
�eld F = f Fi j i � Sg consistsof randomvariablesFi that
take on a valuef i from a setof lablesL = f l1; l2; : : :g. A
particularsetof labels,often denotedby f (which canbe
thoughtof as the joint event f F1 = f 1; F2 = f 2; : : :g) is
calleda con�guration of F . The probability of a particu-
lar con�guration f ie. P(F = f ) mustsatisfytheMarkov
propertyin orderfor F to beaMarkov RandomField.

P(f i jf S� i ) = P(f i jf N i ); 8 i � S:

This meansthat the stateof eachrandomvariableF i de-
pendsonthestateof its neighbours,ie. FN i = f Fi j i � N i g.
However it hasalso beenshown that the probability of a
particularcon�gurationis proportionalto thesumof clique
potentialVC over all thecliquesin N . Thecliquepotential
is obtainedfrom prior probabilitiesof a particularlabeling
of thesitesin thecliqueC.

Markov RandomFieldsareusedto modellabelingprob-
lemswherean optimal labelingis desired.From a proba-
bilistic perpective,onewishesto estimatethecon�guration
f basedonobserveddataD (couldbenoisyor incomplete)
that maximisesthe likelihood function, P(D jf ). Using
BayesTheorem,this likelihoodfunction canbe expressed
asan energy functionE(f ) andthe maximuma posterieri
(MAP) estimateof f shouldmaximizethisenergy function.

DifferentMRF'sdiffer in achoiceof theneighbourhood
systemandtheprior probabilities.In visionandimagepro-
cessing,whereS, the setof sitesoften coincideswith the
setof regulargrid of pixelsandvoxels,4-neighbourhoodor
8-neighbourhoodsystemsona2D grid or 6-neighbourhood
or 26-neighbourhoodsystemson a 3D grid are common.
Morever, often a labelingwith the following propertiesis
desired;it shouldbe locally constantor smoothbut should
alsoallow for discontinuities(at region boundaries).When
onechoosesclique potentialsto make the desiredlabeling
piecewise continuous,the resultingMRF is calledGener-
alizedPottsModel MRF (GPM-MRF).This formulationis
usefulfor Vision andwill bediscussedin thenext section.
For moredetailsonMRF's, referto [11].

Theproblemof texturesynthesisin graphics[4] canalso
bemodeledasa MRF wheresitesof theMRF would typi-
cally bepixelsor groupof pixels in theoutputtextureand
thecliquepotentialsin theMRF woulddependon thesimi-
larity of pixel neighbourhoodsin theinputtexture.Thegoal
hereis to generateanoutputtextureperceptuallysimilar to
the input texture. PerceptualSimilarity is essentiallya la-
belingandgroupingproblemandis hencewell modeledby
MRFs.

Semi-SupervisedLearning[5] is anotherlabelingprob-
lem wherethesetof trainingexamplesform thesetS, and
similarity betweeneachpair of examplesin thetrainingset
is modeledusinga neighbourhoodsystem.The goal is to
obtain a labeling or classi�cation which intuitively sepa-
ratesdissimilarexamplesandclusterssimilarexamples.

3. Energy Minimization Problems in
Computer Vision

3.1. ProblemStatementand Goal
Boykov et. al. [1] solve variouscomputervision prob-
lemswhichcanbeposedasenergy minimizationproblems.
Someexamplesof such problemsare image restoration,
stereo,multiple view reconstruction,and object segmen-
tation. As explained in the previous section,thesetasks
canall beclassi�edaslabelingproblemswherevisualcon-
straintsaretypically contextualandre�ect achoiceof priors
in theneighbourhoodsystems.Finding themostlikely la-
belingtranslatesto optimizinganenergy function. Theau-
thorssolvethisenergy minimizationproblemby transform-
ing it into amulti-waycutproblemonagraph.Howeverthe
multi-waycutproblemis NP-Hardandthey proposeanap-
proximationalgorithmthatproducesacutwhichminimises
theoriginalenergy functionin astrongsense.

Thegenericenergy minimizationframework for labeling
problemsis now describedfollowed by the speci�c exam-
plesof imagerestoration,stereoandobjectsegmentation.
We concludethis sectionby a descriptionof the approxi-
mationalgorithmwhich usesmax-�ow iteratively to solve
themulti-waycutproblem.

3.2. The Energy Minimization Framework
As describedin Section2.3, a large numberof computer
vision problemstry to assignlabels(suchasintensity, dis-
parity, segmentationregions)to pixelsbasedon noisymea-
surements.In thepresenceof uncertainties,�nding thebest
labelingbecomesanoptimizationproblem.Certainsvisual
constraintsareoften usedto constraintheselabels. In vi-
sion andimageprocessing,theselabelsoften tendto vary
smoothlywithin the image,exceptat somekind of region
boundarieswherediscontinuitiesareallowed. Thefactthat
a particularpixel label dependson the labelsof its neigh-
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boursallowsmodelingtheoptimizationproblemasaMRF.
Boykov et.al. [2] show that �nding the most likely label-
ing for somegivendata,is equivalentto seekingtheMAP
(maximumaposteriori)estimate.In orderto solveapartic-
ularvisionproblem,asuitableneighbourhoodsystemneeds
to bechosenandprior probabilitiesfor particularlabelings
in theneighbourhoodsystemneedto beassigned.Different
choicesfor theseentitiesyield differentclassesof energy
functionsandhencethe term energy model is usedto re-
fer to this problemdomainspeci�c choice. Two common
energy modelsaredescribedbelow.

� PottsInteractionEnergy Model

E(I ) =
X

p�P

jI p � I o
p j+

X

(p;q) �N

K (p;q) :T(I p 6= I q) (1)

whereI = f I p j p � Pg aretheunknown truelabelsover
the setof pixels P andI o = f I o

p j p � Pg arethe ob-
servedlabelscorruptedby noise.ThePottsinteraction
arespeci�edby K (p;q), thepenaltiesfor labeldiscon-
tinuitiesbetweenadjacentpixels. ThefunctionT() is
anindicatorfunction. This is a goodmodelwherethe
labelsarelikely to bepiecewiseconstantwith disconti-
nuitiesatboundaries.ThePottenergycanbeoptimally
solvedfor binarylabelingusingmax-�ow, howeverthe
multiple labelcaseis NP-Hard.

� LinearInteractionEnergy Model

E(I ) =
X

p�P

jI p � I o
p j +

X

(p;q) �N

A (p;q) :T(I p 6= I q) (2)

whereconstantsA (p;q) storethe importanceof the in-
teractionbetweenneighbouringpixels p and q. In
contrastto the Pott Energy Model, the Linear Inter-
actionEnergy produceslabelingswhich arepiecewise
smoothbut with discontinuitiesatboundaries.

Figure2 (takenfrom [2] is anexampleof a graphcon-
structedfrom thePottEnergy Model. ThegraphG contain
two kindsof vertices:p-vertices(pixelsor voxelswhichare
thesitesin theassociatedMRF) andl-vertices(whichcoin-
cide with the labelsandwill be terminalsin the graphcut
problem).All theedgespresentin theneighbourhoodsys-
temN areedgesin G. Theseedgesarecalledn-links. Edges
betweenthe p-verticesandthe l-verticescalledt-links are
addedto the graph. t-links areassignedweightsbasedon
the data term (�rst term in Equations1, 2) while n-links
areassignedweightsbasedon theinteractionterm(second
term in Equation1, 2). While n-links arebi-directional,t-
linksareuni-directional,leaving thesourceandenteringthe
sink. Figure2 showsthegraphconstructedfor binarylabel-
ing onasmall3x3pixel image.

In themultiple labelcase,themultiwaycut shouldleave
eachp-vertex connectedto onel-vertex. This ensuresthat

Figure2: All �gures weretakenfrom Boykov et. al. [1]. (a)
The �gure shows a graphG(V; E) constructedfor binary
labelingproblemfor a 3x3 pixel imageon the left. (b) A
cut alongwith the correspondinglabelingis shown on the
right. (c) The �gure shows a graphG(V; E) constructed
from theenergy functionin Equation1. Thetopologyof the
graphis automaticallydeterminedby the energy function
anddifferentproblemthatusethesameenergymodelwould
resultin anidenticalgraphconstruction.

everymulti-waycutwhichseparatesall terminals,mustcor-
respondto avalid labelingie. acon�gurationof theassoci-
atedMRF. Theminimumcostmultiway-cutwill minimize
theenergy function in Equations1, 2 wheretheseveredn-
links would correspondto theboundariesof thelabeledre-
gions.Theapproximationalgorithmwhich �nds thismulti-
waycut,is calledthe� -expansionalgorithm[2]. It involves
iteratively executingmax-�ow consideringa particularla-
bel, (the � label)oneat a time andis discussedin Section
3.6.

3.3. ImageRestoration
Theimagerestorationproblemaimsatrecoveringtheorigi-
nalpixel intensitiesof animagewhentheobservedimageis
noisy. Herethelabelsaretheimageintensitiesandthemost
likely labeling is obtainedby minimizing an energy func-
tion similar to theonesdescribedin Section3.2.Thevisual
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Figure3: ImageRestorationExamplestakenfrom Boykov
et. al. [1]. (a)Syntheticdata: An exampleof anoisyimage
andits restoredversion.(b) & (c) Realdata;An exampleof
anoisyimageandits restoredversion.

constraintsexploitedherearethefactthatimageintensities
tendto varysmoothlyin mostimagesexceptatboundaries.
Both the Pott Energy aswell asLinear InteractionEnergy
modelyieldsreasonableresults.Theactualchoiceof K (p;q)

andA (p;q) determinesthe degreeof smoothnessin the re-
storedimages.Figure3 shows examplesfrom [1].

3.4. Stereo
Densestereois a popularmethodfor 3D Reconstruction
from two calibratedviews of a scene. It involves �rst re-
coveringmatchingpixels(pixelscorrespondingto thesame
3D feature)in thetwo views andthenrecoveringthedepth
of the 3D point by triangulation(intersectingrays back-
projectedfrom the two matchingpixels). Finding accu-
ratematchingpairs for all pixels is a dif�cult problemto
solve accuratelybecauseoften suchmatchingcanbe am-
biguousdependingon factorslike camerabaseline,amount
of texture in the sceneor the degreeof specularityof ob-
jectsin thescene.In a stereopair, matchingpixels arere-
coveredusingdisparities. Every pixel p1(i; j ) in the �rst
imagehasaparticulardisparityd with respectto thematch-
ing pixel p2(i + d; j ). A methodcalledimagerecti�cation
canensurethat correspondingpixels arealwayson identi-
cal scanlinesin the recti�ed imagepair. The problemof
recovering an accuratedisparityimagecanbe posedasan
energy minimizationproblemusingthesameMRF frame-
work wehavebeenstudying.Theproblemof stereois iden-
tical to the imagerestorationproblemexceptthat herethe
labelsaredisparityvalues.Disparityin astereopairtendsto
vary within a �x edrangeandcanbediscretelysampled.It
alsotendsto varysmoothlyover theimageexceptatdepth-
discontinuities.Energy modelslike thePottEnergy, shown
in Equation1 canincorporatesuchcontextual information
within theMRF framework.

Thestereoproblemis hardercomparedto imagerestora-
tion becauseof thepresenceof occlusions.Occlusionoccur
when 3D points are visible in only one of the stereoim-
agepairsandaretypically foundneardepth-discontinuities

Figure4: Stereoexamplestaken from Boykov et. al. [1].
Oneof the imagesin a stereopair alongwiththecomputed
disparityimage.Top Row : Tsukubadataset.BottomRow
: Treedataset.

in thescene.Occlusionswhich make thevisualcorrespon-
denceproblemharder, canbeexplicitly modeledin theEn-
ergy Minimization framework by a modi�ed labelingprob-
lem of thefollowing type. Sitesin theMRF for this modi-
�ed problemdonotrepresentimagepixelsbut pairof pixels
whichcanpotentiallycorrespond.Thesetof labelsis f 0; 1g
where0 indicateseitherof thepixelsareoccludedand1 in-
dicatesthatthepairof pixelsarematching.Thenew energy
functionis :

E (f ) = Edata (f ) + Eocc(f ) + Es(f )

where
Edata =

X

l (p;q)=1

D (p;q)

is thetermwhich imposesa penaltybasedon intensitydif-
ferencesof matchingpixelsp andq.

Es =
X

f (p;q) ;(p0;q0)g�N

K f (p;q) ;(p0;q0g:T(l (p;q) 6= l (p0;q0) )

is thesmoothnesstermwhich forcesadjacentpixelsto have
thesameor relatively closedisparities.

Eocc =
X

p�P 1

S
P2

Cp:T(p is occluded)

is thenew term,theocclusionpenaltytermwhich imposes
a penaltyfor makinga particularpixel p in the stereoim-
agepair P1 or P2 occluded. T() is the indicator function
in the above formulation. Minimizing the energy function
is still NP-Hardbut anapproximatealgorithmbasedon � -
expansioncomputesalocalminimumwithin aconstantfac-
tor of theglobalminimumby solvingmax-�ow onanasso-
ciatedgraph.
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Figure 5: Image Segmentation examples taken from
Boykov et. al. [1]. Interactive userinput is usedto guide
thesegmentation.

3.5. Segmentation
ThePottEnergy function,(seeEquation1) comesup again
in the context of imagesegmentationwherethe goal is to
groupimagepixels into logical groupsor segmentswhich
mayrepresentobjectsin thescene.In 3D Segmentation,the
groupingis doneonvoxelsin volumetricdataasis typically
encounteredin medicalimaging.Segmentationis typically
posedas a binary labeling problem where f foreground,
backgroundg constitutesthesetof labelstypically assigned
to pixels or voxels. The binary labeling problemfor the
PottEnergy functionasmentionedearliercanbeoptimally
solved by a singleexecutionof max-�ow. The graphcon-
structionandmax-�ow formulationis quiteidenticalto the
onefor theimagerestorationproblem(referSection3.3.To
get accuratesegmentations,userinput is provided into the
labelingproblemby allowing theuserto pre-label(thesela-
belsarenot allowed to change)somepixels asforeground
andsomeasbackground.This is illustratedin Figure5.

3.6. The � -expansionalgorithm
Boykov et. al. [2] proposesa fast approximatationalgo-
rithm for the multiple label energy minimizationproblem
usinga cycle of � -expansionmoves. It startswith an ar-
bitrary labelingandperformsiterative optimizationcycles
until the processconverges. Eachcycle consistsof iterat-
ing over the set of labels,running the � -expansionmove
oncefor every label� . This involves�nding anew labeling
f 0 obtainedby increasingthenumberof � labels,which is
betterthanthecurrentlabelingf , ie. E (f 0) � E (f ). The
algorithmwill convergewhenin aparticularcycle,nobetter
f 0 cannotbefound.

Boykov et. al. [2] analyzethe algorithm and prove
boundsaswell asstatenecessarypropertiesof thepenalty

functionsunderwhich theboundsarecorrect.In thispaper,
we shallonly describethemax-�ow graphconstructionfor
the� -expansionstepandseehow executingmax-�ow on it
yieldsf 0 from f .

Figure 6: Graph Constructionfor the � -expansionstep.
(taken from Boykov et. al. [1]) andedgecost for the var-
iousedgesin thegraphareshown in a table. Note that the
notationDp(label) denotesthe datapenaltyterm whereas
V(lp; lq) denotesthesecondorderpenaltytermfor a pixel
pair (p;q) � N .

Thegraphgeneratedfor each� -expansionstep,G� will
be differentandwill dependon the partitionP of the pix-
els inducedby the currentlabelingf . The verticesof this
graphconsistof pixels in the imageandtwo terminalver-
ticesdenotedby � and �� . For every pair of pixels p,q in
theneighbourhoodsystemN , whicharelabeleddifferently
underf (ie. f p 6= f q ), anauxilliary vertex a(p;q) is created
with a triplet of edgesto verticesp , q and �� . Following
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Figure7: ImageTextureSynthesisexamplefrom Kwatraet.
al. [4]. Thetexturesynthesisprobleminvolvestwo parts(1)
Placingsmallpatchesof theinput textureatvariousrelative
offsetswith respectto eachother(2) Computationof aseam
that allows a new patchto be smoothlyand 'seamlessly'
mergedinto theexistingpatches.

thenotationusedin Section3.2,t-linksandn-linksarecon-
structedasshown in Figure6 (1D versionfor simplicity).
Thetableshowshow edgecapacitiesaresetup.

A cut on this graphmustsever exactly one t �
p -link for

every pixel p. This givesrise to a new labelingf 0 afterall
the edgesbelongingto the cut have beenremoved. Then
p is labeled� if its t �

p -link is intact andits old label if the
t �
p -link is severed.

4. 2D and 3D TextureSynthesis
4.1. ProblemStatementand Goal
2D texture synthesisaddressesthe problemof generating
larger textures from small texture sampleswith identical
perceptualproperties.Texture synthesiscanalsobe done
in 3D by treatingspatio temporaltexture volumesin the
samewayas2D imagepatches.Thetexturesynthesisprob-
lem hastwo parts.First multiple texturepatchesneedto be
placedrelative to eachotherin anoptimalway. Next, these
patchesmustbecombinedby computingoptimalseamsbe-
tweentwo neighbouringpatches.Kwatraet. al. [4] compute
theseseamsusingagraph-cutapproach.

4.2. Patch Fitting and SeamComputation
Figure8 showsthegraphconstructionfor variousscenarios
of patch�tting. Labelsin this problemindicatewhethera
pixel in theoutputtexturepatchneedsto comefrom theold
patchor the new texture patch. The boundaryof the new
patchwith theold textureis thenew seamthatis computed.
Thesimplestscenariois depictedin Figure8(a)wherethere
areonly two overlappingblocks. A grid graphwherever-
tices representpixels is constructedfor only the overlap-
ping region in the two texture patches.Therearetwo ad-
ditional nodesA andB representingthe old and the new

Figure 8: GraphConstructionfor Texture Synthesis(�g-
ures taken from Kwatra et. al. [4]). (a) Recovering the
visually optimal seamby computingthe minimum cut in
the constructedgraph(b) Computingthe new seamwhen
old seamsarepresentin theexisting patch.(2) Seamlessly
merging a new patchoverlayingpixels from anold texture
patch. Bottom: Video texturepatchesarespatiotemporal
volumesand seamsare 2D surfacesembeddedin the 3D
volume. Seamcomputationusinggraph-cutsis similar to
the2D case.
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patch. Someof the boudarypixels of the two patchesare
constrainedby assigningin�nitely highedgeweightsto the
edgesconnectingthemto A andB respectively. Theedge
connectingpixels (p;q) in thegrid grapharegiven the the
edgecost

M (p;q; A; B ) = jjA(p) � B (p)jj + jjA(q) � B (q)jj

. Theoriginal texturesynthesisproblemis transformedinto
computinga minimum cost A-B cut in this graphthat is
equivalentto computingthemostlikely binarylabelingthat
yieldsanimperceptibleseam.Themin-cut is computedby
runningmax-�ow algorithmsaswehave studiedearlier.

The simple formulationdescribedso far doesnot han-
dle the casewhen old seamsare presentin the old tex-
ture patch. This situation illustrated in Figure 8(b) will
occur when texture patchesare being addediteratively to
build large textures. The graphconstructionfor this sce-
nario is slightly different. The nodeB is still usedto rep-
resentthenew patchwhereasA representsthecollectionof
old patchespresentin thecurrenttexture. This graphcon-
tainsadditionalnodescalledseamnodes(seeFigure8(b))
which correspondto the old seams,computedduring pre-
vious graphcut iterations. Eachseamnodespq between
pixels p and q is triply connectedto B , p and q through
edgeswith weightsM (p;q; Ap; Aq), M (p;q; Ap; B ) and
M (p;q; B ; Aq) respectively. A min-cut on this new graph
will automaticallydecidewhetherto leave theold seamin-
tact (edgesbetweensuchseamnodesandB will be intact
after themin-cutedgeshave beensevered)or replaceit by
the new seamat the samepixels if eitherof the edgesbe-
tweenspq andits neighboursp andq aresevered.

Theformulationfor videotextures(seeFigure8) is iden-
tical in all respectsexceptthat the texturepatchesarenow
volumesandhencethegrid graphis a 3D grid graphwith a
6-connectedneighbourhoodsystem.

The third scenariowhich is applicableto novel image
synthesisshown in Figure8(c) involvesoverlayinga new
texture patchover an existing patchandseamlesslymerg-
ing it into theold texture.Onceagain thegraphconstructed
correspondsto thepixels in theoverlappingregion andthe
edgesto the terminalnodesA andB which areleft intact
after the min-cut partitionsthe graphdecidewhich patch
contributesinformationfor thatparticularpixel. Seamsare
usuallymorenoticeablein low frequency regions,andbet-
ter seamscanbecomputedby modifying theedgeweight-
ing function to take imagegradientsinto account.In such
a caseM (p;q; A; B ) is scaledby themagnitudeof theone
of thecomponentof thegradientdependingonwhetherthe
concernededgeis alignedhorizontally, verticallyor tempo-
rally (for videotextures).This penalizesthecut from pass-
ing througha low frequency region in theimageor video.

5. Learning fr om Labeled and Unla-
beledData

5.1. ProblemStatementand Goal
In the domainof machinelearningand patternclassi�ca-
tion, labeledtraining datais often at a premium,whereas
unlabeledexamplesareavailable in plenty for mostprac-
tical problems. If this unlabeleddatacould be automati-
cally labeledbasedon the smaller labeledtraining set, a
betterclassi�er couldbebuilt, onewhich usesall thetrain-
ing data.Theprimarychallengehereis to achieve accurate
labeling even when the set of labeledexamplesis small.
Theapproachtowardssolvingthis probleminvolvesbuild-
ing a graphon thewholetrainingsetusingedgeweightsto
representsimilarity betweenexamplesandthenpartitioning
thegraphin a way thatbestexplainstheknown labeledex-
amples.Blum et. al [5, 6] performthis partitioningusing
randomizedminimum-cutson the constructedgraphsand
provide theoriticaljusti�cation for their chosenapproach.

5.2. Graph Mincuts Approach
Given a setof (positive andnegative) labeledexamplesL ,
andasetof unlabeledexamplesU in a trainingset,thegoal
is to �nd a labelingof theexamplesin U thatminimizesthe
leave-one-outcrossvalidation(LOOCV) errorof a nearest
neighbourlearningalgorithm,whenappliedto the dataset
L

S
U. The setL , will consistof mutually exclusive sub-

setsL + andL � , the setsof posivite andnegative labeled
examplesrespectively. The graph-cutapproachcould be
usedto labelexamplesin U, if agraphcouldbeconstructed
whereedgeweightsareassignedusingthenotionof 'pair-
wisedistance',(ie. similarexamplesareconnectedthrough
edgeswith largeweightswhereasdissimilarexamplepairs
have edgeswith small weights). The minimum cost cut
would thenpartitionor clusterthepositively labeledexam-
plesfrom thenegatively labeledonesin anearest-neighbour
sense.

The basicmincut algorithmworks asfollows. A graph
G(V; E) is constructedwhereV = L

S
U

S
f v+ ; v� gand

E � VX V . Next edgesbetweenlabeledverticesand
the terminal vertices (v+ ; v� ) are set up as follows :
w(v; v+ ) = inf 8 v � L + andw(v; v� ) = inf 8 v � L � .

Edgesbetweenverticesrepresentingall examples(both
labeled and unlabeled)are assignedsome weight based
on a suitableedgeweighting function. A minimum cost
(v+ ; v� ) cut is thencomputedon G usinga max-�ow al-
gorithm by treatingv+ as the sourceand v� as the sink
andall theedgeweightsascapacities.If therearemultiple
min-cuts, the algorithm choosesone of them using some
well de�ned criteria. By removing the edgesconstituting
themin-cut,V is partitionedinto V+ andV� , thesetof pos-
itiveandnegatively labeledexamplesrespectively.
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Blum et. al. proved that this graphmin-cut approach
would producea labelingwith a boundederror. This error
would be the minimum LOOCV error for an averaging k-
nearestneighbouralgorithm(onethatpredictsa label for a
new example,basedon theweightedaverageof thelabeled
examples,for instancedistanceto the labeledexamples).
LOOCV criteria is often usedto evaluatethe performance
of a classi�cationalgorithmandis computedasfollows. A
single exampleis chosento representthe test data,while
all theotherexamplesmake up thetrainingsetfor thepar-
ticular classi�cationalgorithm. Basedon this training set,
thesingleexampleis classi�ed andthesuccessof classi�-
cationis recorded.Whentheabove processis repeatedfor
every examplein the original dataset,the total numberof
mis-classi�cationsis theLOOCV error.

The constructionof G proceedsas follows, somemet-
ric (EuclideandistanceL 2, HammingdistanceL 0 etc.) are
usedto computepair-wise distances.If two examplesare
closerthanadistanceparameter� , they areconnectedby an
edgewith the correspondingdistanceas the edgeweight.
Variousstrategiesfor choosing� arediscussedin [6, 5] (for
instancechoosing� suchthatsizeof thelargestcomponent
in G waslargerthanhalf thesizeof L

S
U workedwell in

practice).

5.3. RandomizedMincuts
This graphcut framework hassomelimitationsasfar asla-
belingaccuracy is concerned.If multiple min-cutsexist in
theconstructedgraph,thechoicefor thebestmin-cutis un-
clearandthe consequentpartitioningcould be unbalanced
(few unlabeledexamplesareassignedto V+ andmany to
V� or viceversa).This is likely to happenwhenthelabeled
set is small. Also if the graphhada large numberof dis-
connectedcomponents,the examplesin thosecomponents
couldbelabeledambiguously.

TheRandomizedMin-cutsalgorithm[5] triesto address
theseweaknesses.Arti�cial randomnoiseis addedto the
edgeweights in the graph(describedin Section5.2) and
min-cutsarerepeatedlycomputed.Thegraphtopologyre-
mainsthesamefor themultiplemin-cutexecutions.Theal-
gorithmvotesamongstall themin-cutsandendsup choos-
ing the one in the middle, consideringhow many timesa
particularexamplewaslabeledpositiveandhow many time
it was labelednegative. This givesrise to betteraccuracy
coveragestatistics(allows oneto seta con�dencebasedon
how many min-cutsagreeon the labeling of a particular
example). Morever highly unbalancedpartitionsare dis-
carded.

Randomizationhas beenshown to be useful [5] only
when small well balancedcuts (boundaries)exist in the
dataset. Thus the graph constructionapproachneedsto
beconservative by assigningedgesbetweenexamplesonly
when they are very similar. Two approacheswhich have

worked well in practiceare(1) building a minimum span-
ning tree(MST) on the whole datasetusingpair-wise dis-
tance as edge weights (this yields a connected,sparse
graph). (2) building a � -MST, whereexamplesarescon-
nectedif they arewithin a distance� of eachother. Extra
edgesareaddedto thegraphby treatingthecomponentsas
nodesandcomputingtheirMST.

6. Moti vation for usingGraph-cuts
All the problemsthat have beensolved using graph-cuts
have onepropertyin common,they areall optimizing la-
belingsie. trying to computethemostlikely labelingfrom
a very largesolutionspaceto explain somemeasureddata.
Theselabelsareeitherintensityvalues,disparityvaluesin
images,objectsin images,or distinctclassesin largetrain-
ing datasets.The individual entitieswhich arelabeledare
representedas sites in the graphsand the contextual in-
formationwhch constrainsthe labelingsareusedto setup
edgesin thegraph.In otherwordstheprobabilityof a par-
ticular sitegettinga speci�c labeldependson thelabelings
of its neighbours.Thiscontextual informationis rich in im-
ages,video,textures,large trainingsetsandis exploited in
the graphcuts framework. The notion of a cut in sucha
graphis analogousto the ideaof partitioningthe sitesus-
ing labels. The graphconstructionneedsto be donein a
way suchthat the minimum cut will yield the most likely
labelingor partitioningof the measureddata. The useof
graph-cutsin thevariouspapersstudied[1, 4, 5] werejusti-
�ed from aMRF perspective.

While applying graph-cutsto a new problem, the as-
sumptionsmadein theproblemtransformationcouldplace
restrictionson thesolutionsproduced.Thesewould in gen-
eralbeproblemdependentandneedsto bewell understood.
For eg. Boykov [2] realisesthat graph-cutscanonly deal
with only a certainclassof energy functionsin the MRF
framework andBlum et. al. [5] theoriticallyjustify thatthe
min-cutapproachwould have thesameclassi�cationerror
asaclassof nearestneighbourlearningalgorithms.

7. Comparisons
The applicationof graph-cutsto texture synthesis,[4] and
semi-supervisedlearning[5] weremotivatedby thesuccess
of the energy minimizationframework [1] in vision. Roy
et. al. [3] hadearlierproposeda solutionto then-view 3D
reconstructionproblemby directly formulatingit asamax-
�o w min-cut probleminsteadof converting it �rst into an
energy minimization problem. Although they constructa
similar graphcomparedto Boykov et. al. [1], their edge
weighting function doesnot guaranteeoptimality proper-
ties.

In problemsencounteredin vision and graphics,there
is often an underlyingregular grid structurewith a clearly
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de�ned notion of neighbourhoodin this grid itself. This
seemsto setthebasictopologyof thegraphonwhichgraph-
cutsareapplied. In contrast,interestingissuesarisein the
semi-supervisedlearningproblem,asfarasgraphconstruc-
tion is concerned.The topologyof thegraphandtheedge
weightingfunctionareharderto chooseandrequirean in-
depthanalysisof propertiesof nearestneighbourclassi�-
cationalgorithms. Constructinga minimum spanningtree
on thewholetrainingsetfor therandomizedmin-cutalgo-
rithm wasprovento beagoodchoicealthoughlessintuitive
comparedto theothergraph-cutformulations.

In somesense,the applicationof graphcuts to texture
synthesisis dual to its applicationsto vision problems.
Graph-cuts�nd optimalseamsin texturesynthesisby trying
to �nd similarpixelsfrom differentpatches(thecutgoesbe-
tweenthem). However themin-cutsin vision typically co-
incidewith someform of visualboundaries,eitherintensity
edges,disparityedges(depth-discontinuities)or segmenta-
tion boundaries.Thechoiceof theedgeweightingfunction
in the graphis what de�nes the behaviour of the cut from
problemto problem.

Similarly the formulation of the image synthesissce-
nario [4], Figure8(c) asa graph-cutproblemis inverseto
thetheobjectsegmentationproblemin imagesdescribedin
Section3.5. Note that Kwatra's techniquefor integrating
thenew patchinto a texturewhich alreadycontainsmulti-
ple old patchesandseamis similar to a single� -expansion
stepin Boykov's algorithm(Section3.6).

The Max-�o w problemwhich is a dual of the mincut
problem,hasno direct link with themultiway cut problem
wherethereis no clearnotion of �o w. However interest-
ingly, the � -expansionalgorithm(seeSection3.6), an ap-
proximationalgorithmfor the multiway cut problemuses
multiple iterationsof max-�ow. This is why max-�ow al-
gorithmsarekey to solvinggraph-cutproblems.

7.1. A NewMax-�o w / Min-cut algorithm
It wasobserved that the graphsencounteredwithin the vi-
sionandgraphicsproblemdomain,weretypically sparsely
connectedregular grid graphswith connectionsbetween
grid neighboursandoftencontaineda largenumberof con-
nectionsto thesourceandthesink. Althoughef�cient max-
�o w algorithmshavebeendevelopedin thepastto dealwith
specialgraphs(planargraphsetc.),no ef�cient algorithms
existedfor thesekind of graphs. Boykov et. al. [1] stud-
ied the performanceof standardmax-�ow algorithmson
the 'vision' graphsand realisedthat the augmentingpath
algorithmscould be modi�ed to perform betteron them.
Most augmentingpathstyle algorithmsalwaysrecompute
the shortestpathfrom scratchafter an augmentingpath is
computedin the residualgraph(seeSection:2.2. This is
a costly operationon large grid graphssincethe breadth
�rst searchneedsto visit all vertices.They decidedto reuse

searchtreesin orderto computesource-sinkpathsfor mul-
tiple iterationsinsteadof building it from scratcheverytime.

Thiswasdoneby maintainingtwo differentsearchtrees,
onerootedatthesource,andoneatthesink. By growing the
trees,anaugmentingpathfrom sourceto sinkis foundwhen
thetwo treestoucheachother. After the�o w is augmented
alongthispath,theedgesconstitutingthepathareremoved
andthe two searchtreesget partitionedinto forests. Sub-
sequentlythetreestructuresarerestoredthroughaseriesof
operationswhich consistof either �nding a parentfor an
orphanednode(whoseparentlink wasremoved aspart of
theaugmentingpath)or by freeingtheorphanednode(such
nodesareaddedbackto thetrees,duringthegrowth phase
of thealgorithm.

Althoughthisalgorithmworksmuchfasterin practice,it
doesnot have a strongupperbound,its worsecasetime is
O(n2mjCj) wherejCj is the maximumcapacity, however
on most sparselyconnectedgrid graphs,it beatsthe best
know push-relabelstylealgorithmby a factorof 2-5.

8. Summary and Conclusions
Thekey contribution of eachof thepapersstudiedhere[2,
4, 5] is aninnovative reformulationof theoriginal problem
into awell understoodgraphcutandnetwork �o w problem
for which well-known algorithmsareknown to exist. Us-
ing clever transformations,thesolutionto theoriginalprob-
lemsobtainedusingthe graphcut approachwasshown to
be optimal undervalid assumptions.Motivatedby the ap-
plicationof graph-cutsandmax-�ow to computervision, a
new max-�ow/min-cutalgorithmwasproposed,which was
shown to befasterthanthebestknown max-�ow algorithms
for thespecialgrid graphswhichareencounteredin thedo-
mainof VisionandGraphics.This integrativepaperstudied
thebasictheoryof themax-�ow problemandtheclassesof
algorithmsusedto solveit. It thenpresentedthetransforma-
tionsof eachof theseproblemsinto thegraph-cutproblems
which weretherebysolvedusingmax-�ow algorithms.Fi-
nally, the commonthreadbetweenall the problemswere
investigatedand the variousgraph-cutformulationswere
comparedagainstoneother. This wasdonein orderto pro-
vide insightinto thepowerof thetechnique,sothatit could
beappliedto morediverseproblemsin future.
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