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Abstract

This integrative paper studiesgraph-cutand network ow

algorithms on graphs and compaes its applicationsto-
wards solvingdiverse problemsin ComputenMsion, Com-
puterGraphicsandMachineLearning Thefollowingthree
papes formthe core of this compaative study

'‘An Experimental Comparison of Min-Cut/Max-

Flow Algorithms for Energy Minimization in Vi-
sion' by Boylov et.al.[1] reformulatesa variety of
problemsin computervision namelyimage restoa-
tion, steeoandseggmentatiorinto enegy minimization
problemsandsolveshemusinggraph-cutalgorithms.

'‘Graph Cut Textures: Image and Video Synthesis
Using Graph Cuts' by Kwatra et. al. [4] proposes
a new algorithmfor image andvideotexture synthesis
in the areaof ComputerGraphics.At the core of their

methodis a graph-cuttechniquefor computingopti-

mal seamsacrossmultipleimage patcheswhich are to

be blendedand meged togetherto geneiate the syn-

thesizedextures.

'Semi Supervised Learning using Randomized
Mincuts' by Blum et.al. [5] proposesa graph min-
cut basedappmoad to the madine learning problem
of combininglabeledand unlabeleddatato do semi-
supervisedearning

1. Intr oduction

Network o w algorithmsstudiedin the eld of combinato-
rial optimization nd widespreadapplicationsn optimiza-
tion problemsthat can be representedy graphscontain-
ing nodesandarcsbetweerthesenodes.Althoughnetwork
0 wsareusedto solve problemsn physicalnetworks,often
alargevariety of problemswhich have noinherentphysical
network canalsobe modeledusinga network anda notion
of ow in sucha network. For instancethe o w of liquid
in pipes,byteson a communicatiometwork or vehicleson
highways canbe modeledas o w networks. In such ow
networks,oneoftenneed€o computethe maximumrateat
which material o ws in the o w network, (the maximum

o w problem). Relatedto it is the questionof cutsin ow
networks, ie. the problemof determininga setof edgesof
total minimum capacity which if removed will disruptthe

ow in the network. The max- ow and min-cut problem
will be studiedandits applicationgto threedifferentprob-
lemsin ComputerVision, GraphicsandMachinelLearning
will bedescribecandcomparedn this paper In eachcase,
the original problemis transformednto a graph-cutprob-
lem which is in turn solved by computingthe maximum

OW on 0w networks.

The restof this paperis organizedasfollows. In Sec-
tion 2, the backgroundheory of the Max- o w problemis
describedalongwith anoverview of the algorithmsusedto
solweit. Thetheoryof Markov RandomFieldsis presented
in the contet of the problemswe study Next in Section3,
4 and5, the speci ¢ problemsaredescribede. how each
of themarereformulatedasgraph-cutproblemsandsolved
usingmax- ow algorithms.Section6 investigatesthe moti-
vationfor usingthe graph-cutapproactandSection7 com-
paresthe threegraphcut approachesFinally conclusions
andthe effectivenessof the graphcut approachin the re-
spectve problemdomainarediscussedn Section8.

2. Background

A ow networkG(V; E) is formally de ned asafully con-
necteddirectedgraphwhereeachedge(u;v) E hasapos-
itive capacityc(u;v) 0. Two specialverticesin a ow

network aredesignatedhe source s andthe sinkt respec-
tively. A ow in G is areal-aluedfunctionf : VXV ! R

thatsatis esthefollowing threeproperties:

CapacityConstraint:

Forallu;v V,f(u;v) c(u;v).

Skew Symmetry:

Forallu;v V,f(u;v)= f(v;u).
Flow Conseration:

Forallu (V-fs;tg), ,y f(u;v)=0.

P
Thevalueofa owisde nedasjfj= ,, f(s;v)ie.the
total o w outof thesourcein the o w network G.
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Figurel: (a) The gure (takenfrom Cormenet. al. [10]
shavs a ow network G(V; E) with avalid ow f. The
valueson the edgesaref (u; v)=qu; Vv). Thecurrent ow
hasvalue19,it is notamaximum o w.

2.1. The Max-Flow and Min-Cut Problem

Themax- ow problemisto nd the o w of maximumvalue
ona ow network G. A s-tcutor simply cutof a ow net-
work G isapartitionof V intoSandT = V S suchthats
Sandt T. Foragiven owb therﬁ,et ow acrosghecut
(STNisdenedasf (S;T) = 5 1 f(xy). Using
asimilar nq_t,ationlg1e capacityof acut(S;T) isde ned as
oS T) = s yT c(X; y). A minimumcutofa ow
network is a cut whosecapacityis the leastover all the s-t
cutsof thenetwork.
An exampleof a o w network with avalid o w is shovn
in Figurel.

Theorem1l Themax- ow min-cuttheoem: If f isa ow
ina ow networkG = (V; E) with sources andsinkt then
thevalueof the maximumow is equalto the capacityof a
minimumcut. Referto Cormenet. al. [10] for the proof.

Theintuition behindthe proofis asfollows. The maximum
0 w mustsaturateedgesin the o w network suchthatno
further o w canbe pushed.Thesesaturatecedgesmustlie
on one of the min-cuts. This resultallows oneto compute
theminimumcut of a o w network by rst solvingfor the
max- ow, for which polynomialtime algorithmsexist.

The single-sourcesingle-sink max- ow problem de-
scribedabove is a speci ¢ caseof the more generalmul-
tiway cut problemwheretherearek terminalsanda mul-
tiway cutis a minimum setof edgeswhich separategach
terminalfrom all theothers.It hasheenshavnthatif k 3,
theproblemis NP-Hard.Someof thegraphcutapplications
thatwe shallinvesticatein this papemwill indeedrequireap-
proximationalgorithmsfor the multiway cut problem.

2.2. Max-Flow and Min-Cut Algorithms

Thepolynomialalgorithmsfor thesingle-sourcaingle-sink
max- ow problemcan be divided into two classesalgo-
rithms basedon the Ford Fulkersonmethod[8] andthose
basedon the “push-relabel’method[7]. Thetwo contrast-
ing approachesaredescribedelov. An approximatioral-

gorithmfor themultiway cutproblemwill bedescribedater
in the contet of thechoserproblemsjn Section3.6.

The intuitive ideabehindthe Ford-Fulkersonmethodis
that startingwith zero ow ie. f (u;v) = 0 for all u;v
V, the ow canbe graduallyincreasedby nding a path
from s to t alongwhich more o w canbe sent.Sucha path
is calledan augmentingpath,andonceit hasbeenfound,
the ow canbeaugmentealongthis path. The processf
repeatedmustendaftera nite numberof iterationsafter
which no augmentingpathsbetweers andt exist arymore.
A typical algorithmof this type maintainsfor a given o w
f, the residualgraphof G, called G whosetopologyis
identicalto G but whoseedgecapacitiestorestheresidual
capacityof all the edgesgiven thatthereis alreadysome
o w in them. The searchfor anaugmentingpathat theit
iterationis doneon the currentresidualgraphGs,. Once
anaugmentingpathis found,the maximumamountof ow
thatcanbesentdown it, fij,c mMustsaturateat leastoneof
the edgesof this augmenteghath. Thenew o w attheend
of theiterationwill bef; + finer .

Therunningtime compleity of differentalgorithmswill
in generalvary dependingon how the augmentingpathis
chosenDinic algorithm[9] thatusesbreadth- rstsearcho
nd theshortespathsfrom s tot ontheresidualgraph,has
anoverall worstcaserunningtime of O(n?m), n beingthe
numberof nodesandm beingthe numberof edges.

In contrastto the Ford-Fulkersonmethodwhere aug-
mentingthe o w operateson the completeresidualgraph,
the Push-Relabehlgorithmsoperatelocally on a vertex at
a time, inspectingonly its neighbours. Unlike the Ford-
Fulkersonmethodthe o w conserationpropertyis notsat-
is ed during the algorithm’s execution. The intuitive idea
hereis to associatea notion of heightalong with all the
nodesin the network. The heightof the sourceandsink are
x edatjVj andOrespectiely while atthestartall otherver-
ticesareat height0. The algorithmstartsby sendingo w
down from thesourceandtheamountof o w sent,saturates
all theoutgoingedgesAll intermediatenodeshave abuffer
oraresenoir thatcanstoreexcesso w. Nodeswith positive
excess o w aresaidto be over owing nodes.Over owing
nodestry to pushthe excess o w downhill. However when
anover owing node nds theedgedo its neighboursatthe
sameheightasitself saturatedit incrementsts own height,
aprocesswvhichis called“relabeling”. This allowsit to get
rid of theexcesso w. Thealgorithmterminatesvhennone
of thenodesin V areover owing. Oftenexcesso w accu-
mulatedin theinterior nodesaresentbackto the sourceby
relabelingthesenodeswith heightbeyondjVj.

Thegenericpush-relabehlgorithmsthushave two basic
operations “push” o w and“relabel” anover owing node
andCormenet. al. provesthata genericpush-relabestyle
algorithmhasa O(n?m) worstcaserunningtime, andthere
are certainO(n3) algorithmsin this class. [7, 8] provide



detailson thesevariousalgorithms,datastructureschosen
andpracticaltrade-ofs encountereéh actualmax- ow im-
plementations.

2.3. Mark ov Random Fields

This sectionbrie y introducesthe theoryof Markov Ran-

domFields(MRF) asit will berelevantin understandinthe

commonthreadbetweerthe threepaperschoserfor study

Markov RandomFieldsis a generatie model often used
in ImageProcessingndComputeVision to solve labeling

problems.A Markov RandomField consistsof threesets,
asetS of sites,a neighbourhoodystemN anda set(also

called eld) of ramdomvariablesF. The neighbourhood
systemN = fN; ji SgwhereeachN; is asubsebf sites
of S which form the neighbourhoof sitei. Therandom
eld F = fF;ji Sgconsistof randomvariablesF; that

take onavaluef; from asetof lablesL = flq;l;:::0. A

particularsetof labels,often denotedby f (which canbe

thoughtof asthejoint eventfF; = f1;F, = fo;:::0)is

calleda con guration of F. The probability of a particu-

lar con gurationf ie. P(F = f) mustsatisfythe Markov

propertyin orderfor F to bea Markov RandomField.

P(fijfs i) = P(fijfn,); 8i S

This meansthat the stateof eachrandomvariableF; de-
pendsonthestateof its neighboursie. Fy, = fFiji N;g.
However it hasalso beenshavn that the probability of a
particularcon gurationis proportionalto the sumof clique
potentialVc overall thecliquesin N . Theclique potential
is obtainedfrom prior probabilitiesof a particularlabeling
of thesitesin thecliqueC.

Markov RandonfFieldsareusedto modellabelingprob-
lemswherean optimal labelingis desired. From a proba-
bilistic perpectve, onewishesto estimatethe con guration
f basednobsereddataD (couldbenoisyorincomplete)
that maximisesthe likelihood function, P(Djf ). Using
BayesTheorem this likelihood function canbe expressed
asan eneqgy function E (f ) andthe maximuma posterieri
(MAP) estimateof f shouldmaximizethis enegy function.

DifferentMRF's differ in achoiceof theneighbourhood
systemandthe prior probabilities.In vision andimagepro-
cessingwhereS, the setof sitesoften coincideswith the
setof regulargrid of pixelsandvoxels,4-neighbourhoodr
8-neighbourhoodystemsna 2D grid or 6-neighbourhood
or 26-neighbourhoodystemson a 3D grid are common.
Morever, often a labelingwith the following propertiesis
desired;it shouldbelocally constanior smoothbut should
alsoallow for discontinuitieqat region boundaries)When
onechooseglique potentialsto make the desiredlabeling
piecavise continuousthe resultingMRF is called Gener
alizedPottsModel MRF (GPM-MRF). This formulationis
usefulfor Vision andwill be discussedn the next section.
For moredetailson MRF's, referto [11].

The problemof texture synthesisn graphicg4] canalso
be modeledasa MRF wheresitesof the MRF would typi-
cally be pixels or groupof pixelsin the outputtexture and
theclique potentialsn the MRF would depencbn the simi-
larity of pixel neighbourhoods theinputtexture. Thegoal
hereis to generatean outputtexture perceptuallysimilar to
theinput texture. PerceptuaSimilarity is essentiallya la-
belingandgroupingproblemandis hencewell modeledby
MRFs.

Semi-Supervisetlearning[5] is anotherdabeling prob-
lem wherethe setof training examplesform the setS, and
similarity betweereachpair of examplesin thetrainingset
is modeledusinga neighbourhoodystem. The goal is to
obtain a labeling or classi cation which intuitively sepa-
ratesdissimilarexamplesandclusterssimilar examples.

3. Energy Minimization Problemsin
Computer Vision

3.1. Problem Statementand Goal

Boykov et. al. [1] solwe variouscomputervision prob-
lemswhich canbe posedasenegy minimizationproblems.
Some examplesof such problemsare image restoration,
stereo,multiple view reconstructionand object segmen-
tation. As explainedin the previous section,thesetasks
canall beclassi ed aslabelingproblemswherevisual con-
straintsaretypically contextualandre ect achoiceof priors
in the neighbourhoodystems.Finding the mostlikely la-
belingtranslatego optimizinganenegy function. The au-
thorssolwe this enegy minimizationproblemby transform-
ing it into amulti-way cut problemonagraph.Howeverthe
multi-way cut problemis NP-Hardandthey proposeanap-
proximationalgorithmthatproduces cutwhich minimises
theoriginal enegy functionin a strongsense.

Thegenericenegy minimizationframenork for labeling
problemsis now describedollowed by the speci c exam-
ples of imagerestoration stereoand object segmentation.
We concludethis sectionby a descriptionof the approxi-
mationalgorithmwhich usesmax- ow iteratively to solve
the multi-way cut problem.

3.2. The Energy Minimization Framework

As describedin Section2.3, a large numberof computer
vision problemstry to assignlabels(suchasintensity dis-
parity, segmentatiorregions)to pixelsbasedn noisymea-
surementsln thepresencef uncertainties,nding thebest
labelingbecomesan optimizationproblem. Certainsvisual
constraintsare often usedto constraintheselabels. In vi-

sion andimageprocessingtheselabelsoften tendto vary
smoothlywithin the image,exceptat somekind of region

boundariesvherediscontinuitiesareallowed. Thefactthat
a particularpixel label dependson the labelsof its neigh-



boursallows modelingthe optimizationproblemasa MRF.

Boykov et.al.[2] showv that nding the mostlikely label-

ing for somegiven data,is equivalentto seekingthe MAP

(maximuma posteriori)estimateIn orderto solve a partic-

ularvisionproblem,asuitableneighbourhoodystenmeeds
to be chosenandprior probabilitiesfor particularlabelings
in theneighbourhoodystermeedto beassignedDifferent
choicesfor theseentitiesyield different classesof enegy

functionsand hencethe term enegy modelis usedto re-

fer to this problemdomainspeci ¢ choice. Two common
enegy modelsaredescribedelow.

PottsinteractionEnegy Model
X X

i 190+
pP (pia) N

E(l) = K T(lp 6 1g) (1)

wherel =fl,jp Pgaretheunknowvn truelabelsover
the setof pixelsP andl® =flgj p Pgaretheob-
senedlabelscorruptedoy noise. The Pottsinteraction
arespeci edby K (p; ), thepenaltiedor labeldiscon-
tinuities betweenadjacenpixels. The functionT() is
anindicatorfunction. Thisis agoodmodelwherethe
labelsarelik ely to bepiecaviseconstantvith disconti-
nuitiesatboundariesThePottenegy canbeoptimally
solvedfor binarylabelingusingmax- ow, haweverthe
multiple labelcaseis NP-Hard.

LinearInteractionEnegy Model

X . X
jlp IF?J+ A(p;q):T(lpg |q) (2)

pP (p;a) N

E(l) =

whereconstants ) storetheimportanceof thein-
teraction betweenneighbouringpixels p and g. In
contrastto the Pott Enegy Model, the Linear Inter
actionEnegy producedabelingswhich arepiecavise
smoothbut with discontinuitiesat boundaries.

Figure2 (takenfrom [2] is anexampleof a graphcon-
structedfrom the PottEnegy Model. ThegraphG contain
two kindsof vertices:p-verticegpixelsor voxelswhichare
thesitesin theassociatedIRF) andl-vertices(which coin-
cide with the labelsandwill beterminalsin the graphcut
problem). All the edgespresenin the neighbourhoodays-
temN areedgesn G. Theseedgesarecalledn-links Edges
betweenthe p-verticesandthe I-verticescalledt-links are
addedto the graph. t-links are assignedveightsbasedon
the dataterm (rst termin Equationsl, 2) while n-links
areassignedveightsbasedon the interactionterm (second
termin Equationl, 2). While n-links arebi-directional,t-
links areuni-directional Jeaving the sourceandenteringthe
sink. Figure2 shaws thegraphconstructedor binarylabel-
ing onasmall3x3 pixel image.

In themultiple labelcase the multiway cut shouldleave
eachp-vertex connectedo onel-vertex. This ensureghat

Figure2: All gures weretakenfrom Boykov et. al.[1]. ()
The gure shavs a graphG(V; E) constructedor binary
labeling problemfor a 3x3 pixel imageon the left. (b) A
cut alongwith the correspondindabelingis shavn on the
right. (c) The gure shavs a graphG(V; E) constructed
from theenegy functionin Equationl. Thetopologyof the
graphis automaticallydeterminedby the enegy function
anddifferentproblemthatusethesamesnegy modelwould
resultin anidenticalgraphconstruction.

every multi-way cutwhich separateall terminalsmustcor

respondo avalid labelingie. a con guration of theassoci-
atedMRF. The minimum costmultiway-cutwill minimize
the enegy functionin Equationsl, 2 wherethe severedn-

links would correspondo the boundarie®f the labeledre-

gions. Theapproximatioralgorithmwhich nds this multi-

way cut,is calledthe -expansioralgorithm[2]. It involves
iteratively executingmax- ow consideringa particularla-

bel, (the label)oneatatime andis discussedn Section
3.6.

3.3. Image Restoration

Theimagerestoratiomproblemaimsatrecoveringtheorigi-
nal pixel intensitiesof animagewhentheobsenedimageis
noisy Herethelabelsaretheimageintensitiesandthemost
likely labelingis obtainedby minimizing an enegy func-
tion similarto the onesdescribedn Section3.2. Thevisual



Figure3: ImageRestoratiorExamplesaken from Boykov
et.al.[1]. (a) Syntheticdata: An exampleof anoisyimage
andits restoredsersion.(b) & (c) Realdata;An exampleof
anoisyimageandits restoredversion.

constraintexploited herearethefactthatimageintensities
tendto vary smoothlyin mostimagesexceptatboundaries.
Both the Pott Enegy aswell asLinear InteractionEneigy
modelyieldsreasonableesults. Theactualchoiceof K (.4
andA ) determinedhe degreeof smoothnesn the re-
storedimages Figure3 shavs examplesfrom [1].

3.4. Stereo

Densestereois a popularmethodfor 3D Reconstruction
from two calibratedviews of a scene. It involves rst re-
coveringmatchingpixels (pixels correspondingo the same
3D feature)in the two views andthenrecoveringthe depth
of the 3D point by triangulation (intersectingrays back-
projectedfrom the two matchingpixels). Finding accu-
rate matchingpairsfor all pixelsis a dif cult problemto
solve accuratelybecauseoften suchmatchingcanbe am-
biguousdependingon factorslike camerabaselineamount
of texture in the sceneor the degree of specularityof ob-
jectsin the scene.In a stereopair, matchingpixels arere-
coveredusing disparities. Every pixel py(i; j) in the rst
imagehasa particulardisparityd with respecto thematch-
ing pixel po(i + d;j). A methodcalledimagerecti cation
canensurethat correspondingixels are alwayson identi-
cal scanlinesin the recti ed imagepair. The problemof
recovering an accuratedisparityimagecanbe posedasan
enegy minimizationproblemusingthe sameMRF frame-
work we have beenstudying.The problemof stereds iden-
tical to the imagerestorationproblemexceptthat herethe
labelsaredisparityvalues.Disparityin asteregairtendsto
vary within a x edrangeandcanbe discretelysampled.It
alsotendsto vary smoothlyover theimageexceptat depth-
discontinuities Enegy modelslik e the PottEneggy, shavn
in Equationl canincorporatesuchcontetual information
within the MRF framework.

Thesteregoroblemis hardercomparedo imagerestora-
tion becausef thepresencef occlusionsOcclusionoccur
when 3D points are visible in only one of the stereoim-
agepairsandaretypically found neardepth-discontinuities

Figure4: Stereoexamplestaken from Boykov et. al. [1].
Oneof theimagesin a stereopair alongwiththe computed
disparityimage. Top Row : TsukubadatasetBottom Row
: Treedataset.

in the scene.Occlusionswhich make the visual correspon-
denceproblemharder canbe explicitly modeledn the En-
ergy Minimization frameavork by amodi ed labelingprob-
lem of thefollowing type. Sitesin the MRF for this modi-
ed problemdo notrepresenimagepixelsbut pair of pixels
which canpotentiallycorrespondThesetof labelsis f 0; 1g
where0 indicateseitherof the pixelsareoccludedandl in-
dicateghatthepair of pixelsarematching.Thenew enegy
functionis:

E(f) = Edata (f) + Eocc(f) + Es(f)

where X
Edata = D (p:a)
I(p;q)=1
is thetermwhich imposesa penaltybasedon intensitydif-
ferencef matchingpixelsp andg.
X

Es = Kt mayieeaes T (ipia) € (poian))
f(p:a):(p%a9g N
is thesmoothnestermwhich forcesadjacenpixelsto have

thesameor relatively closedisparities.
X

S
pP1 P2

Eocc =

Cy:T(pis occluded)

is the new term, the occlusionpenaltytermwhich imposes
a penaltyfor makinga particularpixel p in the stereoim-

agepair P; or P, occluded. T() is the indicatorfunction
in the above formulation. Minimizing the enegy function
is still NP-Hardbut an approximatealgorithmbasedon -

expansiorcomputeslocal minimumwithin aconstanfac-
tor of theglobalminimumby solvingmax- ow onanasso-
ciatedgraph.



Figure 5: Image Segmentation examples taken from
Boykov et. al. [1]. Interactve userinput is usedto guide
thesegmentation.

3.5. Segmentation

The PottEnegy function, (seeEquationl) comesup again
in the context of imagesegmentationwherethe goal is to
groupimagepixels into logical groupsor sggmentswhich
mayrepresenbbjectsin thesceneln 3D Segmentationthe
groupingis doneonvoxelsin volumetricdataasis typically
encounteredh medicalimaging. Sgmentationis typically
posedas a binary labeling problem where f foreground,
badkgroundj constituteshe setof labelstypically assigned
to pixels or voxels. The binary labeling problemfor the
PottEnegy functionasmentionedearliercanbe optimally
solved by a single executionof max- ow. The graphcon-
structionandmax- ow formulationis quiteidenticalto the
onefor theimagerestoratiorproblem(referSection3.3. To
getaccuratesggmentationsuserinput is providedinto the
labelingproblemby allowing theuserto pre-label(thesda-
belsarenot allowed to change)somepixels asforeground
andsomeasbackgroundThisis illustratedin Figure5.

3.6. The -expansionalgorithm

Boykov et. al. [2] proposesa fastapproximatatioralgo-
rithm for the multiple label enegy minimization problem
usinga cycle of -expansionmoves. It startswith anar
bitrary labeling and performsiterative optimizationcycles
until the processcorverges. Eachcycle consistsof iterat-
ing over the setof labels,runningthe -expansionmove
oncefor everylabel . Thisinvolves nding anew labeling
f O obtainedoy increasinghe numberof  labels,whichis
betterthanthe currentlabelingf , ie. E(f9  E(f). The
algorithmwill corvergewhenin aparticularcycle,nobetter
f 9 cannotbefound.

Boykov et. al. [2] analyzethe algorithm and prove
boundsaswell asstatenecessaryropertiesof the penalty

functionsunderwhichtheboundsarecorrect.In this paper
we shallonly describehe max- ow graphconstructiorfor
the -expansionstepandseehow executingmax- ow onit
yieldsf °fromf .

Figure 6: Graph Constructionfor the -expansionstep.
(taken from Boykov et. al. [1]) and edgecostfor the var
ious edgesn the graphareshawn in atable. Note thatthe
notationD ,(labe) denoteghe datapenaltytermwhereas
V(lp;1q) denoteghe secondorderpenaltytermfor a pixel

pair(p;q) N.

Thegraphgeneratedor each -expansionstep,G  will
be differentandwill dependon the partition P of the pix-
elsinducedby the currentlabelingf . The verticesof this
graphconsistof pixelsin theimageandtwo terminalver
ticesdenotedby and . For every pair of pixels p,q in
theneighbourhoodystemN , which arelabeleddifferently
underf (ie.f, 8 fq ), anauxilliary vertex a p,q) is created
with a triplet of edgesto verticesp , g and . Following



Figure7: ImageTexture Synthesigxamplefrom Kwatraet.
al. [4]. Thetexturesynthesigprobleminvolvestwo parts(1)
Placingsmallpatchesf theinputtextureatvariousrelative
offsetswith respecto eachother(2) Computatiorof aseam
that allows a newv patchto be smoothlyand 'seamlessly’
meigedinto the existing patches.

thenotationusedin Section3.2,t-links andn-linksarecon-
structedas shawvn in Figure6 (1D versionfor simplicity).
Thetableshovs how edgecapacitiesaresetup.

A cut on this graphmustsever exactly onet, -link for
every pixel p. This givesriseto a new labelingf ° afterall
the edgesbelongingto the cut have beenremoved. Then
pislabeled if its t,-link is intactandits old labelif the
t,-link is severed.

4. 2D and 3D Texture Synthesis

4.1. Problem Statementand Goal

2D texture synthesisaddresseshe problemof generating
larger textures from small texture sampleswith identical

perceptuabroperties. Texture synthesiscan also be done
in 3D by treating spatio temporaltexture volumesin the

sameway as2D imagepatchesThetexturesynthesigprob-

lem hastwo parts.First multiple texture patchesieedto be

placedrelative to eachotherin anoptimalway. Next, these
patchesnustbe combinedby computingoptimalseamde-

tweentwo neighbouringpatchesKwatraet. al. [4] compute
theseseamasusinga graph-cutapproach.

4.2. Patch Fitting and SeamComputation

Figure8 shawvs thegraphconstructiorfor variousscenarios
of patch tting. Labelsin this problemindicatewhethera
pixelin theoutputtexture patchneedso comefrom theold
patchor the new texture patch. The boundaryof the new
patchwith theold textureis thenew seanthatis computed.
Thesimplestscenarids depictedn Figure8(a)wherethere
areonly two overlappingblocks. A grid graphwherever-
tices represenpixels is constructedfor only the overlap-
ping region in the two texture patches.Therearetwo ad-
ditional nodesA andB representinghe old andthe new

Figure 8: GraphConstructionfor Texture Synthesis( g-
urestaken from Kwatraet. al. [4]). (a) Recorering the
visually optimal seamby computingthe minimum cut in
the constructedgraph (b) Computingthe new seamwhen
old seamsare presenin the existing patch. (2) Seamlessly
meging a new patchoverlayingpixelsfrom anold texture
patch. Bottom: Video texture patchesare spatiotemporal
volumesand seamsare 2D surfacesembeddedn the 3D
volume. Seamcomputationusing graph-cutss similar to
the2D case.



patch. Someof the boudarypixels of the two patchesare
constrainedy assigningn nitely highedgeweightsto the
edgesconnectinghemto A andB respectiely. The edge
connectingpixels (p; q) in the grid grapharegiventhethe
edgecost

M(p;a A B) = jjA(p)  B(P)j + jA(@)  B(adjj
. Theoriginaltexture synthesigproblemis transformednto
computinga minimum costA-B cut in this graphthatis
equialentto computingthe mostlik ely binarylabelingthat
yieldsanimperceptibleseam.The min-cutis computedoy
runningmax- ow algorithmsaswe have studiedearliet

The simple formulation describedso far doesnot han-
dle the casewhen old seamsare presentin the old tex-
ture patch. This situationillustratedin Figure 8(b) will
occurwhentexture patchesare being addediteratively to
build large textures. The graphconstructionfor this sce-
nariois slightly different. The nodeB is still usedto rep-
resenthenew patchwhereasA representshe collectionof
old patchegpresentn the currenttexture. This graphcon-
tainsadditionalnodescalled seamnodes(seeFigure 8(b))
which correspondo the old seamscomputedduring pre-
vious graphcut iterations. Eachseamnodes,q between
pixels p and q is triply connectedo B, p andq through
edgeswith weightsM (p;o; Ap;Aq), M (p;0; Ap;B) and
M (p;g; B; Ag) respectiely. A min-cuton this new graph
will automaticallydecidewhetherto leave the old seamin-
tact (edgesbetweensuchseamnodesandB will beintact
afterthe min-cutedgeshave beensevered)or replaceit by
the new seamat the samepixelsif eitherof the edgeshe-
tweensyg andits neighboursp andg aresevered.

Theformulationfor videotextures(seeFigure8) is iden-
tical in all respectexceptthatthe texture patchesarenow
volumesandhencethegrid graphis a 3D grid graphwith a
6-connectedheighbourhoodystem.

The third scenariowhich is applicableto novel image
synthesisshawvn in Figure 8(c) involves overlaying a new
texture patchover an existing patchand seamlesslyneg-
ing it into theold texture. Onceagain thegraphconstructed
correspondso the pixelsin the overlappingregion andthe
edgesto theterminalnodesA andB which areleft intact
after the min-cut partitionsthe graph decidewhich patch
contritutesinformationfor thatparticularpixel. Seamsare
usuallymorenoticeablein low frequeng regions,andbet-
ter seamsanbe computedby modifying the edgeweight-
ing function to take imagegradientsinto account.In such
acaseM (p; q; A; B) is scaledby the magnitudeof the one
of thecomponenbf thegradientdependingon whetherthe
concerneckdgeis alignedhorizontally vertically or tempo-
rally (for videotextures). This penalizeghe cut from pass-
ing throughalow frequeng regionin theimageor video.

5. Learning from Labeled and Unla-
beledData

5.1. Problem Statementand Goal

In the domainof machinelearningand patternclassi ca-
tion, labeledtraining datais often at a premium,whereas
unlabeledexamplesare availablein plenty for most prac-
tical problems. If this unlabeleddatacould be automati-
cally labeledbasedon the smallerlabeledtraining set, a
betterclassi er couldbe built, onewhich usesall thetrain-
ing data. The primary challengehereis to achieve accurate
labeling even when the set of labeledexamplesis small.
The approachowardssolving this probleminvolvesbuild-
ing agraphon thewholetraining setusingedgeweightsto
represensimilarity betweerexamplesandthenpartitioning
thegraphin away thatbestexplainsthe known labeledex-
amples.Blum et. al [5, 6] performthis partitioningusing
randomizedminimum-cutson the constructedgraphsand
provide theoriticaljusti cation for their choserapproach.

5.2. Graph Mincuts Approach

Given a setof (positive and negative) labeledexamplesL ,
andasetof unlabeledexamplesU in atrainingset,thegoal
isto nd alabelingof theexamplesn U thatminimizesthe
leave-one-outcrossvalidation (LOOCYV) error of a nearest
neighbourlearningalgorithm, when appliedto the dataset
L U. ThesetL, will consistof mutually exclusive sub-
setsL, andL , the setsof posvite and negative labeled
examplesrespectiely. The graph-cutapproachcould be
usedto labelexamplesn U, if agraphcouldbeconstructed
whereedgeweightsareassignedisingthe notion of 'pair-
wisedistance' (ie. similar examplesareconnectedhrough
edgeswith large weightswhereaglissimilarexamplepairs
have edgeswith small weights). The minimum cost cut
would thenpartition or clusterthe positively labeledexam-
plesfrom thenegatively labeledonesin anearest-neighbour
sense.

The basicmincut algorithmworks a§fol§)ws. A graph
G(V;E) is constructedvhereV = L U fv;;v gand
E VXV. Next edgesbetweenlabeledverticesand
the terminal vertices (v, ;v ) are set up as follows :
w(v;vy) = inf 8v L, andw(v;v )= inf 8v L

Edgeshetweenverticesrepresentingll examples(both
labeled and unlabeled)are assignedsome weight based
on a suitableedgeweighting function. A minimum cost
(v+;Vv ) cutis thencomputedon G usinga max- ow al-
gorithm by treatingv: asthe sourceandv asthe sink
andall the edgeweightsascapacitiesIf therearemultiple
min-cuts, the algorithm choosesone of them using some
well de ned criteria. By remaoving the edgesconstituting
themin-cut,V is partitionedinto V, andV , thesetof pos-
itive andnegatively labeledexamplesrespectiely.



Blum et. al. proved that this graphmin-cut approach
would producea labelingwith a boundederror This error
would be the minimum LOOCYV errorfor an averaging k-
nearesheighbouralgorithm (onethat predictsa labelfor a
new example,basedntheweightedaverageof thelabeled
examples,for instancedistanceto the labeledexamples).
LOOCYV criteriais often usedto evaluatethe performance
of aclassi cationalgorithmandis computedasfollows. A
single exampleis chosento representhe test data, while
all the otherexamplesmake up the training setfor the par
ticular classi cation algorithm. Basedon this training set,
the singleexampleis classi ed andthe succes®f classi -
cationis recorded.Whenthe above procesds repeatedor
every examplein the original datasetthe total numberof
mis-classi cationds the LOOCYV error.

The constructionof G proceedsasfollows, somemet-
ric (Euclideandistance. ,, Hammingdistancel g etc.) are
usedto computepair-wise distances.If two examplesare
closerthanadistanceparameter, they areconnectedy an
edgewith the correspondinglistanceas the edgeweight.
Variousstratgiesfor choosing arediscussedh [6, 5] (for
instancechoosing suchthatsizeof thglargestcomponent
in G waslargerthanhalf thesizeof L U workedwell in
practice).

5.3. RandomizedMincuts

This graphcut framevork hassomelimitationsasfar asla-
belingaccuray is concernedIf multiple min-cutsexist in
theconstructedjraph,the choicefor the bestmin-cutis un-
clearandthe consequenpartitioning could be unbalanced
(few unlabeledexamplesare assignedo V., andmary to
V orviceversa).Thisis likely to happernwhenthelabeled
setis small. Also if the graphhada large numberof dis-
connecteccomponentsthe examplesin thosecomponents
couldbelabeledambiguously

The RandomizedVin-cutsalgorithm[5] triesto address
theseweaknessesArti cial randomnoiseis addedto the
edgeweightsin the graph (describedin Section5.2) and
min-cutsarerepeatedlycomputed.The graphtopologyre-
mainsthesamefor themultiple min-cutexecutions.Theal-
gorithmvotesamongsill the min-cutsandendsup choos-
ing the onein the middle, consideringhow mary timesa
particularexamplewaslabeledpositive andhow mary time
it waslabelednegative. This givesrise to betteraccurayg
coveragestatistics(allows oneto seta con dencebasedon
how mary min-cutsagreeon the labeling of a particular
example). Morever highly unbalancedartitions are dis-
carded.

Randomizationhas beenshowvn to be useful [5] only
when small well balancedcuts (boundaries)exist in the
dataset. Thus the graph constructionapproachneedsto
be conserative by assigningedgeshetweerexamplesonly
whenthey are very similar. Two approachesvhich have

worked well in practiceare (1) building a minimum span-
ning tree (MST) on the whole dataseusing pairwise dis-
tance as edge weights (this yields a connected,sparse
graph). (2) building a -MST, whereexamplesarescon-
nectedif they arewithin a distance of eachother Extra
edgesareaddedto the graphby treatingthe componentss
nodesandcomputingtheir MST.

6. Motivation for using Graph-cuts

All the problemsthat have beensolved using graph-cuts
have one propertyin common,they areall optimizing la-
belingsie. trying to computethe mostlikely labelingfrom
avery large solutionspaceto explain somemeasuredlata.
Theselabelsare eitherintensityvalues,disparity valuesin
imagesobjectsin imagesor distinctclassesn largetrain-
ing datasets.The individual entitieswhich arelabeledare
representeds sitesin the graphsand the contectual in-
formationwhch constrainghe labelingsare usedto setup
edgesdn thegraph.In otherwordsthe probability of a par
ticular site gettinga speci ¢ labeldepend®n thelabelings
of its neighboursThis contectual informationis rich in im-
ages,video, textures,large training setsandis exploitedin
the graphcuts framavork. The notion of a cut in sucha
graphis analogoudo the ideaof partitioningthe sitesus-
ing labels. The graphconstructionneedsto be donein a
way suchthat the minimum cut will yield the mostlikely
labeling or partitioning of the measurediata. The useof
graph-cutsn thevariouspapersstudied[1, 4, 5] werejusti-
ed from aMRF perspectie.

While applying graph-cutsto a new problem, the as-
sumptiongmadein the problemtransformatiorcould place
restrictionson the solutionsproduced.Thesewould in gen-
eralbe problemdependendndneedgo bewell understood.
For eg. Boykov [2] realisesthat graph-cutscanonly deal
with only a certainclassof enegy functionsin the MRF
framevork andBlum et. al. [5] theoriticallyjustify thatthe
min-cut approachwould have the sameclassi cationerror
asaclassof nearesnheighboutdearningalgorithms.

7. Comparisons

The applicationof graph-cutdo texture synthesis[4] and
semi-supervisetbarning[5] weremotivatedby the success
of the enegy minimizationframeawork [1] in vision. Roy
et. al. [3] hadearlierproposedh solutionto the n-view 3D
reconstructiomproblemby directly formulatingit asa max-
o w min-cut probleminsteadof corvertingit rst into an
enegy minimization problem. Although they constructa
similar graphcomparedo Boykov et. al. [1], their edge
weighting function doesnot guaranteeoptimality proper
ties.

In problemsencounteredn vision and graphics,there
is often an underlyingregular grid structurewith a clearly



de ned notion of neighbourhoodn this grid itself. This

seemdo setthebasictopologyof thegraphonwhichgraph-
cutsareapplied. In contrast,nterestingissuesarisein the
semi-supervisetbarningproblem,asfarasgraphconstruc-
tion is concerned.The topologyof the graphandthe edge
weightingfunction are harderto chooseandrequireanin-

depthanalysisof propertiesof nearestneighbourclassi -

cationalgorithms. Constructinga minimum spanningtree
onthewholetraining setfor the randomizednin-cutalgo-
rithm wasprovento beagoodchoicealthoughlessintuitive

comparedo theothergraph-cutformulations.

In somesense the applicationof graphcutsto texture
synthesisis dual to its applicationsto vision problems.
Graph-cutsnd optimalseamsn texturesynthesidy trying
to nd similarpixelsfrom differentpatchegthecutgoeshe-
tweenthem). However the min-cutsin vision typically co-
incidewith someform of visualboundarieseitherintensity
edgesdisparityedgeqdepth-discontinuitiesdr segmenta-
tion boundariesThe choiceof the edgeweightingfunction
in the graphis what de nes the behaiour of the cut from
problemto problem.

Similarly the formulation of the image synthesissce-
nario [4], Figure 8(c) asa graph-cutproblemis inverseto
thethe objectsegmentatiorproblemin imagesdescribedn
Section3.5. Note that Kwatra's techniquefor integrating
the new patchinto a texture which alreadycontainsmulti-
ple old patchesandseamis similarto asingle -expansion
stepin Boykov's algorithm(Section3.6).

The Max- ow problemwhich is a dual of the mincut
problem,hasno directlink with the multiway cut problem
wherethereis no clearnotion of ow. However interest-
ingly, the -expansionalgorithm (seeSection3.6), an ap-
proximationalgorithmfor the multiway cut problemuses
multiple iterationsof max- ow. Thisis why max- ow al-
gorithmsarekey to solvinggraph-cutproblems.

7.1. A NewMax- o w/ Min-cut algorithm

It wasobsered thatthe graphsencounteredvithin the vi-
sionandgraphicsproblemdomain,weretypically sparsely
connectedregular grid graphswith connectionshetween
grid neighboursandoftencontainedalarge numberof con-
nectiongo thesourceandthesink. Althoughef cient max-
o w algorithmshave beendevelopedn the pastto dealwith
specialgraphs(planargraphsetc.), no ef cient algorithms
existedfor thesekind of graphs. Boykov et. al. [1] stud-
ied the performanceof standardmax- ow algorithmson
the 'vision' graphsand realisedthat the augmentingpath
algorithmscould be modi ed to perform betteron them.
Most augmentingpath style algorithmsalways recompute
the shortestpathfrom scratchafter an augmentingpathis
computedin the residualgraph(seeSection:2.2. This is
a costly operationon large grid graphssince the breadth
rst searchmeedgo visit all vertices.They decidedo reuse
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searchtreesin orderto computesource-sinkpathsfor mul-
tiple iterationsinsteadof building it from scratcheverytime.

Thiswasdoneby maintainingtwo differentsearchrees,
onerootedatthesourceandoneatthesink. By growing the
treesanaugmentingpathfrom sourceo sinkis foundwhen
thetwo treestoucheachother After the o w is augmented
alongthis path,theedgesonstitutingthe pathareremoved
andthe two searchtreesget partitionedinto forests. Sub-
sequentlythetreestructuresarerestoredhrougha seriesof
operationswhich consistof either nding a parentfor an
orphanedhode(whoseparentlink wasremored as part of
theaugmentingpath)or by freeingtheorphanedode(such
nodesareaddedbackto thetrees,during the gronth phase
of thealgorithm.

Althoughthis algorithmworksmuchfasterin practice it
doesnot have a strongupperbound,its worsecasetime is
O(n?mjCj) wherejCj is the maximumcapacity however
on most sparselyconnectedyrid graphs,it beatsthe best
know push-relabestyle algorithmby afactorof 2-5.

8. Summary and Conclusions

The key contrikution of eachof the papersstudiedhere|[2,
4, 5] is aninnovative reformulationof the original problem
into awell understoodyraphcutandnetwork o w problem
for which well-known algorithmsare known to exist. Us-
ing clevertransformationsthe solutionto theoriginal prob-
lemsobtainedusingthe graphcut approachwas shovn to
be optimal undervalid assumptionsMotivatedby the ap-
plicationof graph-cuteandmax- ow to computervision, a
new max- ow/min-cutalgorithmwasproposedwhich was
shavn to befasterthanthebestknown max- ow algorithms
for the specialgrid graphswhich areencountereth thedo-
mainof VisionandGraphics.Thisintegrative paperstudied
thebasictheoryof themax- ow problemandtheclasse®f
algorithmsusedo solweit. It thenpresentedhetransforma-
tionsof eachof theseproblemsinto the graph-cutproblems
which weretherebysolved usingmax- ow algorithms.Fi-
nally, the commonthreadbetweenall the problemswere
investigated and the various graph-cutformulationswere
comparedhgainstoneother This wasdonein orderto pro-
vide insightinto the power of thetechniquesothatit could
beappliedto morediverseproblemsin future.
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